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Abstract— A non-smooth 3D mathematical model of the dy-
namics of a snake robot (without wheels) is developed in this
paper. The model is based on the framework of non-smooth
dynamics and convex analysis which allows us to easily incor-
porate unilateral contact forces and friction forces based on
Coulomb’s law of dry friction. Impact and stick-slip transitions
are modeled as instantaneous. A numerical integrator on impulse-
velocity level, the time-stepping method, is used for simulation,
which helps avoid an explicit switch between equations of motion
during simulation. Numerical results are presented for a snake
robot with 26 degrees of freedom and 22 possible contact points
along its body. Simulation results of the snake motion pattern
’lateral undulation’ are shown.

Index Terms— Non-smooth dynamics, 3D snake robot

I. INTRODUCTION

Wheeled mechanisms constitute the backbone of most
ground-based means of transportation. Unfortunately, rough
terrain makes it hard, if not impossible, for such mechanisms
to move. To be able to move in various terrains, such as going
through narrow passages and climb on rough ground, the high-
mobility property of snakes is recreated in robots that look
and move like snakes. Snake robots most often have a high
number of degrees of freedom (DOF) and they are able to
move forward without using active wheels or legs.

Ever since Hirose [1] built the first working snake robot in
1972, mathematical models of the dynamics of such robots
have been developed. Usually, these models only consider
planar motion. The first 3D model of the dynamics of a snake
robot was published in 2004 [2]. The models of the dynamics
for both 2D and 3D have been developed from the Newton-
Euler equations [2], [3], or the Lagrange formulation [4].

The purpose of this paper is to develop and simulate a novel
model of a snake robot based on the framework of non-smooth
dynamics and convex analysis. The description of the model
and the method for numerical integration are presented in this
paper in such a way that people who are new to the field of
non-smooth dynamics can use this paper as an introduction to
non-smooth modeling of robot manipulators with impacts and
friction.

On a flat surface, the ability of the snake robot to move
forward is dependent on the friction between the ground
surface and the body of the snake robot. Hence, the unilateral
contact forces and the friction forces are important parts of
the mathematical model of a snake robot. The friction forces
have usually been based on a Coulomb or viscous-like friction
model [4], [5], and the Coulomb friction has most often
been modeled using the sign-function [2], [5]. The unilateral
contact forces have been modeled as a mass-spring-damper

system in [3]. However, when running simulations, direct
implementations or approximations of the sign-function can
lead to an erroneous description of sticking contacts or very
stiff differential equations. Also, a mass-spring-damper model
introduces a very stiff spring that leads to stiff differential
equations.

In this paper, the first non-smooth 3D mathematical model
of a snake robot is developed. Set-valued force laws for
the constitutive description of the unilateral contact forces
and the friction forces in a three-dimensional setting are
described in the framework of non-smooth dynamics and
convex analysis [6]-[8]. Stick-slip transitions (based on a set-
valued Coulomb friction law) and impacts with the ground
are modeled as instantaneous transitions. The dynamics is
described by an equality of measures, which includes the
Newton-Euler equations for the non-impulsive part of the
motion as well as the impact equations. A particular choice
of coordinates results in an effective way of writing the
system equations. Contact forces and impulses are included
as Lagrangian multipliers in the equality of measures. The
set-valuedness of the force laws allows us to write each
constitutive law with a single equation and avoids explicit
switching between equations. A discretization of the equality
of measures gives the so-called time-stepping method (see [8]
and references therein) which we use for numerical simulation.

In the following, the various modeling steps will be dis-
cussed for the development of the 3D mathematical model of
a snake robot with unilateral frictional contact. The choice
of coordinates and reference frames, as well as the contact
constraints expressed in gap functions are given in Section II.
Section III shows how to obtain expressions for the relative
velocities, needed to find the contact and friction forces,
from the gap functions. Section IV describes the non-smooth
dynamics of the snake robot and Section V discusses the
control of the joint angles. Section VI presents the time-
stepping method while Section VII contains the simulation
results. Conclusions and suggestions for further research are
presented in Section VIII.

II. KINEMATICS

The kinematics describes the geometrical aspect of motion.
From the geometry, we develop gap functions for ground con-
tact detection. These functions are also needed for calculating
the directions of the contact forces.

This section will first give an overview of the coordinates
used to describe the position and orientation of the snake robot.
Subsequently, the gap functions will be presented.



Fig. 1.

Reference frames.

A. Coordinates and Reference Frames

The snake robot consists of n cylindrical links that are
connected by n — 1 cardan joints, each having two degrees
of freedom (DOF). The distance L; between two adjacent
cardan joints equals the length of link ¢, and the radius of
each link is Lgc. We denote the earth-fixed coordinate frame
I = (O,el,el,el), see Fig. 1, as an approximation to an
inertial frame where its centre O is fixed to the ground surface
and the el-axis is pointing in the opposite direction of the
acceleration of gravity vector g.

The position and orientation of link ¢ are described by the
non-minimal absolute coordinates

qi = |:IrGi:| € RY?

D; M

where 7, € R? is the position of the centre of gravity of link
i and the vector p; = [e;, eZT]T, where el = [e;, e, e5,],
contains the four Euler parameters used to describe the rota-
tion. The Euler parameters form a unit quaternion vector with
the constraint p]p, = 1. The coordinates are non-minimal
because each link is described with 6 coordinates, and absolute
because the position and orientation of link ¢ is given directly
relative to frame I. The velocity of link ¢ is given by

Va,
w = | VG
B;WIB;

} € RS )

where jvg, is the translational velocity of the CG of link
which is jvg, = 17g, when it exists (i.e. for impact free
motion). Moreover, p,wrp, is the angular velocity of frame
B; relative to frame I, given in frame B;. The transformation
= RIBLBir can be performed with the rotation matrix
RIBi = H,H, where

H =Fe é+e,d,H =Fe —&+e,I, (3)
and the superscript ~ denotes the skew-symmetric form of e.
The matrices H; and H; are also used in the mapping from
u to ¢ (when they exist) in Section VI-A. The time-derivative
of the rotation matrix is found from [9] as

R5, = Rj, 5,@15,.

“
The coordinates (positions and orientation) and velocities of
all links are gathered in the vectors g = [q? q?l]T and

u = [u{ qu]T

Fig. 2. Surfaces (solid-drawn circles) on snake robot that constitute the
contact between the robot and the ground.

B. Gap Functions for Unilateral Constraints

The gap functions for the unilateral constraints (i.e. the
floor) give the minimal distance between the floor and the
front and rear part of each link. The contact surfaces between
a link and the ground are modeled as two spheres at the ends
of the link as illustrated for a three-link robot in Fig. 2.

We denote the distance between the centre of the two
spheres that belong to link ¢ by 2Lgg, and the radius of the
spheres by Lgc. The position of the centre of the front and
rear spheres are denoted by 7g,, and rg,,, respectively. The
shortest distance between the ground and the points on the
front and rear spheres closest to the ground are denoted by
gny,; and gy, , respectively. The distances are found from

gNps = (r5p,) €L = Lsc, gnm = (Tsg)" €l — Lse, (5)

where rsp, =Taq, + LGSi ezBi, TSg, =TaG; — LGSiezBi.
The gap functions are gathered in the vector
T
gn = [gNFl YNpn  9YNr1 gNR'n.] (6)

C. Gap Functions for Bilateral Constraints

Each 2 DOF cardan joint introduces four bilateral con-
straints, which will be described by gap functions.

To find the translational‘gap’ in the joints, we need to relate
the position of the joint between link ¢ and ¢+ 1 to both links.
Let the position of the joint between link ¢ and i+ 1 be written

- 17 eBi - _1lp. B
as [Tjp;, = 1Tq, t5Lir€,’, iTyp, ., =I1TG, —5lirez"" .
The gap functions can now be found from

T 1
gJXi = (ITJFi - ITJRH.l) Iexa (7)
fori=1,....,n—1, and x = z,y, 2. Hence,
T I
gJXi = (ITGi - ITGH_l) IeX (8)

1 T
1 B; I B; I
+ 5 (LiRBi B,€." + Li-‘rlRBHl Bit1€, ”’1) 1€y

fori=1,...,n—1.
The next gap function provides the ‘gap’ in rotation around
the axis that a cardan joint is not able to rotate around. Let efi

and ef “*1 be the axes of rotation for the cardan joint between

link ¢ and link 7+ 1, then (eBi)T eZ 1 — (. Hence, a measure
for the rotational ‘gap’ can be defined from the equality above
as the gap function

_ I BT I B;
g‘”zﬁ - (RBl Biey ) (RBi+1 Bi+1€x +1>
III. CONTACT CONSTRAINTS ON VELOCITY LEVEL

In this section we calculate the relative velocities between
the snake robot and the ground from the gap functions. The
relative velocities are needed to set up the set-valued contact
forces for the closed contacts [10].

©)



A. Unilateral Contact - Ground Contact

The contact between the snake robot and the ground in-
volves (vertical) normal forces, which guarantee the unilater-
ality of the contact, and (horizontal) tangential contact forces,
which are due to friction and are dependent on the normal
contact forces and the relative sliding velocities.

1) Relative Velocities Along el: The relative velocities
between the front and rear part of link ¢ and the ground along
the el-axis are defined as Yy, = Gnp; and Ynp, = GNp:»
respectively (if they exist) [10]. Before calculating the relative
velocities, we need to consider the speed of the contact points
between the link and the ground. Let C'r; be the body-fixed
point on the front sphere which is momentarily closest to the
ground. The velocity of the point r¢,., = rq, + 7Gp, S —
Lscel is found using (4) as

(10)

Now, the relative velocities for the front and rear part of link
i can be found as

I ~
I’vCFi = I’vGi - RB,, Bri,rGiSFi BiwIB/L'

TNg: = (Iei)TvaQi = TNg; = (wNQi,)Tui’ (11)
where
INT INTRpI ~B; T
wg, = [(e])" ~GeD)RE, 5ids, | . (12)
for Q = F,R with re,Sy; = Las, ezBi' and TG Sri

—Legs, €57 The motivation to use the form (11) is that wy,,,
gives the generalised direction of the contact force between
the ground and the front and rear part on link .

A vector gathering all yy,., and v, is

Yy = Whu (13)
T
where IN = [FYNF1 .- VNpn  VNr1 ’YNRW] >
Wy = [Wpy, Wy,] € R"*27 and
WNy;,  Osx1 O6x1
W, = | 20 e
. O6x1
Ogx1 Ox1 Wng,
for Q = F,R.

2) Tangential Relative Velocities: The friction forces be-
tween a link and the ground depend on the relative velocities
in the (el, e])-plane. First, the relative velocities between the
front part of link i and the ground along the el- and eé-axis,
Y7y, and 7, ., will be deducted. Subsequently, the relative
velocities for the front part of link ¢ along the direction of the
link yry,,, and transversal to the link vz, ,, will be deducted
from 7, and W}FW,. The same type of notation applies for
the rear part of link i: vy, V’TRW_, Vrei» and y7y,,. The
tangential relative velocities are found much in the same way
as for yn,, and vyn,,. Hence, by looking at (11), we see that
the relative velocities of the contact points on the front part
of the link can be found as

Vipe: = (1ed) 1oy, = Vipe; = (w/TFQ-)TUi (15)

for ( = z,y, where

(16)

T
wh,, = (el —(1el)"RE, 5, Lo,

The relative velocities between the rear part of the link and
the ground are found by exchanging jv¢,,, with rvc,, in (15):

for ( = z,y, where

T
(reD)T (1eD)"R, 5,eY Los |

(18)

The tangential relative velocities for the front and rear part of
the link are combined in vectors:

/ _
wTR(i -

Vrg, = Wiy, ui (19)
for @ = F, R, where v, = [Vrou: ’y{,ﬂQyJT and
Wiy, = [Wro,, Wry,] - (20)

Until now, the relative velocities have been given in the
directions along the el and e! axes. In order to calculate the
friction forces longitudinal and transversal to a link, we need
to know the corresponding relative velocities in these direc-

tions in the (el,e;)-plane. To calculate these velocities we

introduce for each link a frame II; with axes (e}, egi ,eli),
where relli = rel, and
B; I I,
II; Amyfezl 11; Iezxfea:l
1€, = B’ Iey = T I, (21)
HAI?J 1€z ”Iez X 1€y

where A, =diag([1, 1, 0]). Hence, Rf; = [rell’ e} ell].

Since only the motion in the (eZ, el )-plane is of interest, we
define

01 0 22)

T
R, =D'R/, D, D= {1 0 O]
Since we now have that ’YlTQi = R{IﬂTQi, Q = F, R, the
relative velocity between the floor and the front part of link ¢,
with respect to frame II;, can be found from (19) as

7TQ,‘, = W’}'Q, U;, (23)

T _

where Y7, = [Von oy » Wi, = Wi, Riy,, for
Q=FR.

A vector that gathers all v, and v, is found from

vy = Wru 24

T

where vp = [Yh., - YTp, Yim - YTw)

Wr =[Wrg, Wr,] e R4 and W, Wy, are found

similarly to (14) by replacing the zero-vectors with Ogx2 and
replacing the vectors wy,,, Wy, with the matrices Wr,,,
Wr,.., respectively.

B. Bilateral Constraints - Joints

The relative velocities of gaps introduced by the bilateral
constraints will be calculated in the following from the gap
functions (8) and (9) to find the joint constraint forces.

The relative velocities for the translational gap between link
i and link i+1 are defined as v;, =gy, fore =1,...,n—1
where x = z,y, z. By employing (8), we find that

.y [ ui ] , (25)

Uiy1



where
(rel)
T
((Ie )TL RB Bzez )
xi T (161)

T
_ (eI)TL71+1RI eBin
I€y 2 Biy1 Bi+1€2

The relative velocity for the rotational gap is defined as

(26)

Vigi = GJy; fori=1,...,n — 1. Hence,
S
where
03x1
- (RIB Bzéf) (Rfi’iﬂ Bi+lefi+1)
Wi = 03x1 (28)

I ~Bit1
- (RBHI Biy1€x ) (RB B; ey )

T
Let~,, = ['le,i Vdyi Vi 'Yin] , then we can gather all
the relative velocities concerned with the bilateral constraints
in one vector

vy =Wju (29)
where v, = [v], ﬂn_f,
wT, 04x6 Oux] "
W, — 046 w1, ; € RO x4(n—1),
: O4x6
04x6 Osx6 W, 4

(30)
and Wy; = [wyi, ws, wr, wg,| € R fori=
1,...,n—1.

IV. NON-SMOOTH DYNAMICS

The starting point for describing the dynamics of the snake
robot is the equality of measures as introduced in [11]. The
equality of measures includes the equations of motion for
impact free motion as well as the impact equations. The impact
equations give rise to impulsive behaviour [12].

A. The Equality of Measures

The equality of measures describes the dynamics of the
snake robot within the context of non-smooth dynamics. Ve-
locity jumps, usually associated with impacts, are modeled to
occur instantaneously. By considering the generalised velocity
to be a function ¢ — w(t) of locally bounded variation on
a time-interval I = [ta,tg| [11], the function u(t) admits a
right T and left w™ limit for all ¢ € I, and its time-derivative
wu exists for almost all ¢ € I. To be able to obtain u from
integration we need to use the differential measure du where
it is assumed that the measure can be decomposed into

du = udt + (ut —u”)dy (31)

where dt denotes the Lebesgue measure and dr denotes the
atomic measure where | (t1} dn = 1. The total increment of u

over a compact subinterval [t1,to] of I, is written as

/ du = ut(ts) — u=(t), (32)
[t1,t2]

and is due to a continuous change stemming from 4 as well as
possible discontinuities in w within the time-interval [t1,t2].
Equation (32) is also valid when the time-interval reduces to
a singleton {¢;}, and if a velocity jump occurs for ¢ = ¢; then
(32) gives a nonzero result.

From the notation above, the Newton-Euler equations as
equality of measures can be written in a general form as

M (q,t)du — h(q,u,t)dt —dR = T¢dt (33)

where the mass matrix M (g, t), the vector of smooth forces
h(q,u,t), the force measure of possibly atomic impact im-
pulsions dR, and the vector of applied torques 7 will be
described in the following.

For our choice of coordinates, the mass matrix is diagonal
and constant

M; 0
M(q,t) =M = . e RO (34)
0 M,
where
R e o)
with p,®g, = diag([©1; ©1; ©Os34]), m; is the mass
of link ¢, and ©;; and ©g; are its moments of iner-

tia. The smooth forces,
gyroscopic accelerations,

here consisting of gravity and
are described by h(q,u,t) =

h(u) = [h{(ul) h}l(u")]T € RO?, where
N T
hi(w)) = [0 0 —mig —(5,@rp 5,Oc, B,wrn)'] -

The force measure dR accounts for all the contact forces
and impulses. The contact efforts that constitute dR are found
from the force-laws given in Section IV-B. Let 7 be the set
of all active contacts with the ground

I(t) ={algn, (q(t)) =0} S {1,2,....2n},  (36)

where gy, is the a-th element of the vector g, in (6). Now,
the force measure is written as

dR :Z ((WN)adANa) + W dA;
acl

+ ) ((Wr)2a-1dA7,,
a€l

(37)
+ (WT)211 dATyu,)

where dAy, is the normal contact impulse measure between
the ground and a link, dA7,, and dA7,, are the tangential
contact impulse measures (frlctlon) between the floor and
a link, longitudinal and transversal to the link, respectively,
dA; is the contact impulse measure due to the bilateral
constraints in the joints (these constraints are always active),
and the lower-case subscripts on the W-matrices indicate
which column of the matrix is used. The contact impulse
measures can be decomposed in the same way as for du. Let
us take the normal contact impulse measure as an example.
The measure can be written as

dAy, = Ay, dt + Py, dn (38)

where Ay, is the Lebesgue-measurable force and Py, is the
purely atomic impact impulse. The same decomposition can
also be performed for the three other impulse measures.

The control torques 7¢ are described in Section IV-C below.



B. Constitutive Laws for the Contact Forces

In this section, we will introduce set-valued force laws
for normal contact and Coulomb friction. These laws will
all be formulated on velocity level using the relative contact
velocities v given by (13) and (24). Subsequently, the set-
valued force laws are formulated as equalities in Section IV-
B.3 using the so-called ‘proximal point function’ in order to
include the force laws in the numerical simulation [8].

1) Normal Contact Force: The normal contact between a
link and the floor is described by the unilateral constraint

gy >0, An >0, (39)

which is known as Signorini’s law [8]. Here, A is the normal
contact force and gy is the gap function. The subscripts R
and F' are temporarily removed for simplicity. This set-valued
force law states that the contact is impenetrable, gy > 0,
the contact can only transmit pressure forces Ay > 0 and
the contact force Ay does not produce work gyAny = 0.
The force law can be expressed on different kinematic levels:
displacement level (39), velocity level, and acceleration level.
In the following we express all force laws for closed contact on
velocity level, while all forces vanish for open contacts. Then,
by employing concepts of convex analysis, the relationship
between the relative velocity and the Lebesgue measurable
normal contact force (not an impulse) may be written for a
closed contact gy = 0 as an inclusion on velocity level

gNAN =0,

-~ € Ny (An), (40)

where the convex set Cy = {Ax | Ay > 0} = R is the set
of admissible contact forces, and N¢,, is the normal cone to
Cy [8]. The inclusion (40) is equivalent to the condition

for a closed contact g = 0. Before explaining the above force
law (40), let us first mention that this force law describes the
impenetrability of sustained contact, i.e. gy = 0 and vy = 0,
as well as detachment: vy > 0 = Ay = 0. However, (40)
does not cover impacts (where we have impulses instead of
forces). For impacts we need a similar impact law described
at the end of this subsection.

From the definition [8], [13] of a normal cone N¢(x) to a
convex set C' at the point € R™, we have that No(x) = {0}
for € int C, and Ng(x) = {0} for ¢ ¢ C. If x is on the
boundary of C, then N¢(x) is the set of all vectors y € R”
that are normal to x. For example, for Cy = R™ we have
N, Cn (0) =R".

The force law (40) only covers finite-valued contact efforts
during impulse free motion, i.e. all velocities are absolutely
continuous in time. When a collision occurs in a rigid-body
setting, then the velocities will be locally discontinuous in
order to prevent penetration. The velocity jump is accompanied
by an impact impulse Py, for which we will set up an impact
law. The relative velocity admits, similarly to the velocities u,
aright fy]'\", and a left v,y limit. The impact law for a completely
inelastic impact at a closed contact can now be written as

_’V]J\FIENCN<PN)7 CN:{PN|PNZO}:R+, (42)
which is equivalent to the condition

’YN/\N = 07

(43)

Fig. 3. Relationship between tangential relative velocity and friction force.
The set Cp is in grey.

2) Coulomb Friction Force: Similarly to the force law (40)
for normal contact, we describe the constitutive description
for friction using an inclusion on a normal cone. The friction
force Ap, in the two-dimensional tangent plane to the contact
point, is modeled with an anisotropic Coulomb friction law

=1 € New (A7), (44)

where 1 is a relative sliding velocity, N¢,. is the normal
cone to the set C'7, and the ellipse

A M,
Cr =< Ar | 4 —5 <1,, (45
(b1, AN)™ (pr,AN)

is the set of admissible friction forces, where Apr =
[/\Tm )\Ty] T, and pr,, pr, > 0 are directional friction coeffi-
cients along the e!l- and e, -axis from (21), respectively. Fig. 3
depicts the set Cr (in grey), together with the relationship
between the tangential relative velocities and the friction force
when it is on the boundary of Cr.

The force law (44) distinguishes between two cases: if the
friction force is in the interior of Cp or on its boundary. If
Ar € int Cp, then it holds that N¢,. (A7) = 0 from which
we conclude that v, = 0. Obviously, this corresponds to the
stick phase of the friction law. If the friction force is on the
boundary of Cr, then the normal cone N, (A7) consists of
the outward normal ray on the ellipse C'r at the point Ap.

The advantage to formulate the friction law as the inclu-
sion (44) now becomes apparent. First of all, note that (44), is a
spatial friction law. Such a spatial friction law can not properly
be described by a set-valued sign-function. Some authors [5],
[14] model the spatial contact with two sign-functions for
the two components of the relative sliding velocity using two
friction coefficients p7, and pr,. Others smoothen the (set-
valued) sign function with a smoothening function, e.g. some
arctangent function. This results in a very steep slope of the
friction curve near zero relative velocity. Such an approach
is very cumbersome for two reasons. First of all, stiction can
not properly be described: an object on a slope will with a
smoothened friction law always slide. Secondly, the very steep
slope of the friction curve causes the differential equations
of motion to become numerically stiff. Summarising, we see
that (44) describes spatial Coulomb friction taking stiction
properly into account.

3) Constitutive Laws as Projections: An inclusion can not
be directly employed in numerical calculations. Hence, we
transform the force laws (40) and (44), which have been
stated as an inclusion to a normal cone, into an equality.
This is achieved through the so-called proximal point function
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Fig. 4. Control Torques for (a) side-view and (b) top-view.

proxq (), which equals @ if « € C and equals the closest
point in C' to « if ¢ C. The set C' must be convex. Using
the proximal point function we transform the force laws into
implicit equalities (see [8])

—Vw € No, (As) == Ae =proxg, (As —7Tx7x),  (46)

where r, > 0 for k = N, T.

C. Joint Actuators

Each cardan joint has 2 DOF that are controlled by two
joint actuators. The actuators are modeled as controlled torques
applied around the axes of rotation for the joint. Fig. 4
illustrates how the direction of positive rotation is defined.
Define a positive control torque 7, to give a positive rotational
velocity around e2** and a positive control torque 7y, to give
a positive rotational velocity around e, Bi both with respect to
link 4. The total torque T¢, € R3 apphed to link ¢ is

e, =[0 ™, O —RE [0 7, 0] )
T T
—|—RB . [T, 0 0] — [TU(FU 0 O]
for i = 1,...,n, where the relative rotation matrix is
RBz+1 (RJIB ) RB i+17 (48)

and 7y, = Ty, = Th, = Tu, = 0. The vector of the torques
applied to all links 7 € R®" is
(49)

T T T 1T
e =[01x3 T, Oixs T4, O1x3 T¢ | -

V. MOTION PATTERN AND JOINT CONTROL

In this chapter, we will define the joint angles and show
how to control them for snake robot locomotion.

A. Accessing and Control of Joint Angles

The joint angles are not directly accessible from the non-
minimal coordinates, but can be calculated from the relative
rotation matrices R l+1 in (48). Assume that R ¢ is con-
structed from successive rotations (Euler angles) azl, Oéh” and

RB =R, R,,,Ra,,.- Since we have cardan joints,
let Ran = 13X3 be the rotation around the ef?‘—axis, and let
R,,, and R, describe the rotation around eZi and el*",
respectively. Hence, a;,, describes the DOF of the cardan joint
between link ¢ and link ¢ + 1 that moves link ¢ and ¢+ 1 from
side to side, and «,, describes the lifting and lowering the

links. The rotation angles can now be found from the rela-
: ; : _ -1 B; B;

tive rotation matrix as o, = tan |:(RBi+l)32/(RBi+l)33i|
and oy, = 7Sin_1(Rg:+l)31, fori = 1,...,n — 1 where

(Rg? ) is the element of RS’ in row 3 column 2, etc.
i+1 32 i+1

Let the desired values of «y, and o, be oy, and oy, ,,
respectively. Then, the proport10nal derivative controllers (PD-
control) for the joints are chosen to be

Th: = Khap (ahi - ahiﬂ“) - Kh,d (BiwIBi)Q (50)
- aviﬂ“) + Ko (BH»lwIBH»l)l (51)

fori=1,...,n —1 where K}, ,, Kp 4, K, p, and K, g4 are
constants and equal for all ¢, and the subscripts o and ; denote
the second and first element of their respective vectors.

Ty, = Kop (v,

B. Motion Pattern and Reference Angles

A general expression for defining some of the most used
motion patterns is given by

Qp;r = Ay, sin (wht + (Z — 1)5h,) + Yy
Qy; r = Ay sin (wyt + (1 — 1)d, + o) + ¢y (53)

fori=1,...,n—1 where o, , and «,, , are the reference
angles for oy, and «,,, and A, A, are the amplitude of
oscillation, wy, w, are the angular frequencies, J;, §, are
the phase offsets, and vy, v, are the angle offsets, for
the horizontal and vertical wave, respectively [3]. The offset
between the vertical and horizontal wave is given by Jy.

The motion pattern lateral undulation [1] is typical for
biological and robot snakes and has been implemented in
this paper. Snakes use this for locomotion by propagating
horizontal waves from the front to the rear of the snake body
while exploiting roughness in the terrain and digging its body
into the ground. These latter two properties are the motivation
for our anisotropic friction model.

VI. NUMERICAL ALGORITHM - TIME-STEPPING

The numerical solution of the equality of measures is found
with an algorithm introduced in [11] (see also [8], [12])
called the time-stepping-method described in the following.
Section VI-A and VI-B are based on [10], except for the novel
direct calculation of the bilateral contact impulsions which we
introduce.

A. Time Discretization

(52)

Let ¢; denote the time at time-step [ = 1,2,3,... where
the step size is At = t;y1 — t;. Consider the (usually very
short) time interval I = [ta,tg|, and let ¢, = t4. Define
g4 =4q(ta), ua = u(ta) which are admissible with respect
to both the unilateral and bilateral constraints, and the unit
norm constraint on the Euler parameters. Our goal is now to
find g5 = q(tg). We use the states of the system at the mid-
point tyr =1ta + %At of the time-interval I to decide which
contact points are active (i.e. which links are touching the
ground). The coordinates (positions and orientations) at ¢,
are found from

At
gy =qa+ 7F<QM)UA7 (54)
where we have used that p = +H p,w;p, [9],
TFru,  Orxe 076
0 F :
F(gy)= | ¢ 1 (55)
: O7x6
1076 O7x¢ Fam,
[T5x3 O4xs 7%6
Fu = 3| o RTX6, 56
H 043 sHT (56)




and H; is found from (3) by inserting the orientation of link
i at time 7. The approximation of the matrices Wz, where
Z = N,T,J, on the time-interval I is given as Wzy; =
Wz(q,,). The same applies for hy = h(qy,ua). A
numerical approximation of the equality of measures (33) over
the time-interval I can now be written as

M(UE—UA)—hMAt—S—WJMAJ:TcAt (57)
where
S=> (Wxa)a An,+[(Wrar)2a—1 (Wrar)2alAr,, (58)
a€l

and Ay, Ar,, and A are the contact impulsions during the
time-interval I. They consist of forces A acting during I, and
possible impulses P acting in the time-interval I. To find the
positions and orientations g at the end of the time-interval,
we need to solve (57) for ug and the contact impulsions. The
contact impulsions associated with ground contact are found
using the prox-functions described in Section IV-B.3 for the
set of active contact points Z. Hence, the constitutive laws (46)
for the ground contact impulsions may now be written

(59)
(60)

AN, = proxg,, (AN, —T"NINE,)
ATa == pI'OXCT (ATQ - TT")’TEQ) B

where ry,rr > 0, a € Z, 7NE, is the a-th element of the
vector ¥y g, Y, 18 the vector of the (2a — 1)—th and 2a-th
element of v, and

(61)
(62)

YNE =N (QuuE) = WJTVM ug,
Yre =1 (@, uE) = W;M Ug.

The constitutive laws (59)-(62) are valid for completely in-
elastic impact.

The constraints on the joints are bilateral and it therefore
holds that v, = ~;(qg,ug) = Why,ur = 0Vt
This allows us to directly compute the associated contact
impulsions A ; by solving (57) for A; with ug = 0. By
solving for A ; and solving (57)-(62), we find that

At
95 = qu + - Flqy)ue. (63)

2
B. Solving for the Contact Impulsions

The numerical integration algorithm used in this paper is
called a time-stepping method which allows for a simultaneous
treatment of both impulsive and non-impulsive forces during a
time-step. The frictional contact problem, defined by (57)-(62)
and finding A ;, needs to be solved for each time-step ¢;. A
Modified Newton Algorithm [15] has been chosen to solve the
nonlinear problem iteratively because of its simplicity. Let the
superscript (¥) denote the current iteration of the Modified
Newton Algorithm, and initialize all contact impulses that
were not active in the previous time-step ¢;_; with zero. Let
those that were active be initialized with their previous values.
Now, the algorithm may be written as

1) Solve

-1

AP =(WIM'w3T) (64)
: { Tas — W1, M~ (hMAt + S(’“)ﬂ

where
S = Z(WNJW)a Agl\;j
acZl
+ Z [(Wrar)2a—1 (Wrar)2d) A%’f. (©
acZl
2) Solve U%H) from
M (ug““)—uA>—hMAt—S("’) W AP =oAL (66)
3) Solve fora €7
A%ﬂjl) = proxc,, (AS\],? — TN’)/](\];E})) 67)
ALY = proxe, (AP —reyfi?)  (68)
where
Wi = Wil ™, A = Whyup ™t (69)
Repeat steps 1. to 3. until
JARTY = AR+ IAFTY — AP <e. (0)

where € > 0 is a user-defined tolerance. Subsequently, g is
calculated from (63) and the calculation of the time-step is fin-
ished. Usually, a higher value of the parameters 7y, r7 yields
a faster convergence rate at the risk of divergence. However, a
general convergence result for the Modified Newton Algorithm
does not exist. The constitutive laws (67)-(69) used to describe
the contact impulses are given on velocity level. This means
that the unilateral and bilateral constraints on position level,
and the unit norm constraint on the Euler parameters are in
general not satisfied. A solution to these problems is suggested
in the following.

C. Constraint Violation

After the Modified Newton Algorithm has converged and
g has been found from (63), the unit-norm constraint ||p, || =
1 is satisfied from pp*" = pp, /||pg,|| fori =1,...,n where
P, is the quaternion describing the orientation of link 7. The
new quaternions should now be inserted into q.

The links have to be projected so that the bilateral con-
straints (8), (9) are satisfied. This is done in a two-step process
while keeping the position and orientation of link 1 fixed.
First, the orientation of the remaining links are altered so that
grsiy = 0 is satisfied for ¢ = 1,...,n — 1. In this process,
all the eZi-axes are kept fixed, while the e and e[i are
changed if necessary. Subsequently, the remaining links are
translated so that gj;, = 0 is satisfied for i = 1,...,n — 1,
X = x,Y,2. The new positions of the links should now be
inserted into q .

VII. NUMERICAL RESULTS

In this section we will demonstrate the robustness of the
numerical implementation by letting the snake drop to the floor
from an inclined angle, and then move the snake robot across
the floor by the motion pattern called lateral undulation.

The choice of parameters used to describe the snake robot
is based on the water-hydraulic based snake robot built by the
Norwegian research organisation Sintef in Trondheim [16].
The model parameters are for ¢ = 1,...,n: n = 11 links,



L; = 0269 m, Ls¢ = 0.0795 m, Lgs, = 0.1016 m,
m; = 7kg, ©1; = 0.0450 kgm?, O3; = 0.0055 kgm?, and the
PD-controller is implemented with the gains K}, = 400 Nm,

Kpq = 20 Nm, K, , = 200 Nm, and K, 4 = 10 Nm.
The simulation parameters are ry = 2, ro = 0.5, and
At = w, where N is the number of integration

steps, and fstart and tgop is the start and stop time of the
simulation, respectively. Frictional coefficients are pi7, = 0.01
and pr, = 0.05.

A. Floor Impact

The snake robot is dropped at an inclined angle of 30
degrees with respect to the floor. The lowest link is lifted to
z1 = 0.38 m above the floor. Fig. 5 shows the configuration
of the snake robot while it drops to the floor with all the joint
controllers turned off. Fig. 6 depicts (a) the vertical position

t=0.33

Fig. 5.

Snake robot during drop and impact.

21 of link 1 and (b) its drop velocity u,; (parallel to the e!-
axis). As seen in (b), velocity jumps occur during the impacts
with the ground.
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Fig. 6. Vertical (a) position and (b) velocity of link 1 during drop and impact.

B. Lateral Undulation as Motion Pattern

The reference angles for the joints are found from (52)-(53)
with A;, = 307/180, wy, = 1357/180 %, op, = —50m /180,
and A, = w, = 6, = ¥, = 0. We see from Fig. 7 that even
though the snake robot started from a non-idealized posture
(after the drop), the numerical treatment was stable. The snake

4

1

o
°

=

VIII. CONCLUSIONS AND FURTHER WORK

A 3D mathematical model based on the framework of non-
smooth dynamics and convex analysis has been presented. It
is shown how to easily incorporate the effect of contact and
friction forces by set-valued force laws.

The use of the non-minimal absolute coordinates resulted
in a constant mass matrix and an effective way of writing
the system equations. It was possible to include the control
torques in the model without referring to the inertial frame
even though all positions and orientations are given in this
frame. Also, total simulation time is decreased since it is not
necessary to calculate a new mass matrix for every iteration
of the Modified Newton Algorithm.

As opposed to the other contact and friction forces, the
bilateral constraint forces in the joints have been calculated
directly from the equality of measures without using the
prox-function. This resulted in a much more stable numerical
treatment.

Suggestions to further work are: 1) extend the model to
other ground shapes than a flat floor, and 2) include the
possibility for snake robot locomotion using obstacles.

It is hoped that this paper can inspire other communities
working on robot manipulators to try out the powerful mod-
eling techniques available in the framework of non-smooth
dynamics and convex analysis.
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