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Abstract

The aim of this paper is to develop a set-valued contact law for combined spatial Coulomb—Contensou friction, taking into
account a normal friction torque (drilling friction) and spin. The set-valued Coulomb—Contensou friction law is derived from
a non-smooth velocity pseudo potential. A higher-order Runge—Kutta time-stepping method is presented for the numerical
simulation of rigid bodies with Coulomb—Contensou friction. The algebraic inclusion describing the contact problem is solved
with an Augmented Lagrangian approach. The theory and numerical methods are applied to the Tippe-Top. The analysis and
numerical results on the Tippe-Top illustrate the importance of Coulomb—Contensou friction for the dynamics of systems with
friction.
O 2003 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The aim of this paper is to develop a contact law for combined spatial Coulomb friction and normal friction torque
(drilling friction) as a function of sliding velocity and spin. We will call this extended contact law the Coulomb—Contensou
friction law. Coulomb’s friction law was formulated as a set-valued force law by Moreau (1988) within a framework of
convex analysis. The formulation of frictional contact problems of mechanical rigid multi-body systems with set-valued
contact laws leads to a nonlinear algebraic inclusion, which is complicated to solve. The first (and often worst) method is
to regularize the set-valued force laws and obtain a stiff problem with an inexact solution. Instead, one simply has to accept
the set-valued nature of the problem and deal with the nonlinear algebraic equation. For planar frictional contact problems
and for frictionless spatial problems, the contact problem can conveniently be formulated as a Linear Complementarity
Problem (Murty, 1988). A linear complementarity formulation for planar rigid-body systems with Coulomb friction was
presented in Glocker (1995) and applied to many practical problems (Leine et al., 2003; Pfeiffer and Glocker, 1996;
Stiegelmeyr, 2001). Spatial frictional contact can be formulated as a Nonlinear Complementarity Problem (Glocker, 1998,
2001; Stiegelmeyr, 2001), but this has a number of drawbacks. First of all, the numerical solution of the resulting type of NCPs
is cumbersome. Secondly, the formulation of spatial anisotropic Coulomb friction or more elaborate friction models such as
Coulomb-Contensou friction is complicated and not suitable from a practical point of view. The present study formulates the
contact problem for Coulomb—Contensou friction by means of a non-smooth velocity pseudo potential and presents a time-
stepping method and an Augmented Lagrangian method for the numerical simulation of rigid bodies with Coulomb—Contensou
friction.

The set-valued force law for spatial Coulomb friction describes the friction fogc®f a single contact point with two
components.y = [Ar1 Ar21'. The friction forcerr lies within a disk|A7 || < uipn on the tangent plane of the contact
point, whereu is the friction coefficient and.p is the normal force. The friction disk constitutes a friction cone in the
(A1, 212, L) Space. The pair of contacting bodies are assumed to be rigid and impenetrable within the framework of rigid
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multi-body dynamics and the contact is therefore idealized to be a point. The contact point cannot transmit a friction torque and
the influence of spin and drilling friction on the sliding frictiary is therefore usually neglected. In reality, the stiff (but still
deformable) bodies deform and touch each other on a small contact surface, being more or less circular. The small deformations
of stiff bodies are negligible compared to the geometry of the bodies and the global rigid body motion they undergo, but lead
to contacting areas which can influence the dynamics of the system. A ceutfstte cannot only transmit a sliding force

A7 tangent to the contact surface, but also transmit a friction torgurormal to the contact surface. The effective radius of

the contact surface is influenced by the normal contact fogcethe elasticity of the contacting bodies, the surface roughness

and the pressure distribution. The friction torque is, in the absence of sliding and tangential contact force, more or less
proportional to the normal contact force, the friction coefficient and the effective radiuspi.ec i v Ref. The influence of

the friction torque is in most applications neglected because the effective radius is very small in practice. If, however, an object
is spinning fastly, then the influence of spin and drilling friction on the dynamics becomes large and can no longer be neglected.

Contensou (1963) realized that drilling friction and especially spin are important for the dynamics of fastly spinning tops.
The drilling friction is obviously necessary to describe the gradual loss of energy of the top which brings it back to rest. More
of interest is the influence of the spinning velocity on the sliding friction force. A fastly spinning top experiences very little
resistance in sliding direction and easily wanders over the floor. The same phenomenon occurs in an electric polishing machine
with turning brushes used to clean floors (Magnus, 1971). The machine is hard to move when the brushes are non-rotating
(Coulomb friction) but the machine can easily be pushed over the floor with rotating brushes. Contensou (1963) calculated the
dependence of the sliding friction force on the sliding veloeignd spinw, and showed that the sliding friction force vanishes
when the ratiov/(wR) tends to zero. Furthermore, a stability analysis of a fastly spinning Fleuriais top (a marine navigation
instrument) was presented in Contensou (1963). Later, Magnus used Contensou’s friction law to give an extensive study of the
stability of the Tippe-Top (Magnus, 1971) (see also Kuypers, 1990). Contensou'’s friction law and the stability of the Tippe-Top
were again studied by Friedl (1997), who also gave a Taylor series approximation of the dependence of the sliding friction force
on the sliding velocity and spin. In Contensou’s original work (Contensou, 1963) the friction force was expressed in elliptic
integrals. Zhuravlev (1998) realized that the friction force for a parabolic pressure distribution can be conveniently expressed in
elementary functions if the integrals are evaluated in other coordinates. The elliptic integrals cannot be simplified to elementary
functions if a uniform pressure distribution is assumed.

In this paper we will formulate Contensou’s spatial friction law in the framework of potential theory and subdifferentials,
much like the treatment of spatial Coulomb friction in Glocker (2001). We will set-up a non-smooth velocity pseudo potential
and approximate it by means of Taylor series for a uniform pressure distribution (like has been done in Friedl, 1997) and
subsequently derive the velocity pseudo potential for a parabolic pressure distribution expressed in elementary functions. The
friction force and friction torque, as a function of sliding velocity and spin, can then be obtained by taking the subdifferential
of the velocity pseudo potential. Subsequently, the dependence of the maximal friction torque on the friction force (and vice
versa) will be studied during sticking (no sliding no spin). A tangential contact torque- (rolling friction) can arise if the
normal pressure distribution is non-symmetrical, but will not be taken into account in the present study. A time-stepping method,
based on an Augmented Lagrangian approach, will be presented for the numerical time-integration of systems with Coulomb—
Contensou friction. Finally, the theory and numerical methods are applied to the Tippe-Top. The analysis and numerical results
on the Tippe-Top illustrate the importance of Coulomb—Contensou friction for the dynamics of systems with friction.

2. Uniform pressuredistribution

The friction force and torque are influenced by the distribution of the normal pressure over the contact surface. The pressure
distribution depends on the geometry and elasticity properties of the contacting bodies. Local deformations and stresses are
not modelled within a rigid multi-body approach. A pressure distribution has therefore to be assumed or to be estimated with
analytical methods from the undeformed geometry of the contacting bodies. Contact between locally spherical bodies (e.g.,
two billiard balls) produces a parabolic pressure distribution according to the law of Hertz (under the assumption of small
elastic deformations and frictionless surfaces). Contact between locally flat bodies (e.g., the pressure disks of a clutch) produces
a more or less uniform pressure distribution in the interior of the contact surface. A purely uniform pressure distribution cannot
exist because the pressure falls to zero at the boundary of the contact surface. A pressure distribution in a practical situation
will neither be purely parabolic nor be uniform. Still, the pressure distribution can often well be modelled by a parabolic or a
uniform distribution, depending on the geometry of the contacting bodies. A set-valued contact law for a contact surface with a
uniform pressure distribution will be derived in this section, and for a parabolic pressure distribution in Section 3.

The coordinate system and geometry of the contact surface are defined in Subsection 2.1 and a non-smooth velocity pseudo
potential for a uniform pressure distribution is derived in Subsection 2.2. The force law is subsequently derived from the velocity
pseudo potential in Subsection 2.3.
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Fig. 1. Coordinates at the contact surface.

2.1. The contact surface

Consider a contact surface (see Fig. 1), which is assumed to be circular with Radibe relative sliding velocity of the
contact is denoted by and the spin byw. We introduce an orthonormal coordinate fratag, e, e3), of whiche; andey
span the contact tangent plane @ads the unit normal vector on the tangent plane. Without loss of generality we assume that
e is located such that; = ves. The sliding velocity is therefore expressed by the scalar vialuwéhere|v| = ||y r|l. The spin
® is normal to the contact plane= wes, i.e.,|o| = ||@||. A surface element 4, at a distance from the origin and an angle
¢ from theeq axis, has a sliding velocity ab = (v — wp Sing)e1 + (wp CoSp)e. A normal forces dA is acting at the surface
element. The normal contact force between the contacting bodigss [[ o dA.

2.2. Velocity potential with uniform pressure distribution

In this subsection we will derive a velocity pseudo potential, which serves as dissipation function for a contact surface with a
uniform pressure distribution. The velocity pseudo potential is dependent on the normal contact force, which is in turn dependent
on the motion of the system. The velocjigeudo potential is therefore not a true potential. In the sequel, the word ‘pseudo’
will be omitted for brevity. Coulomb’s law is assumed to hold on an arbitrary surface elerdenittl sliding velocity w.

The magnitude of the friction force onddis according to Coulomb’s lawid- = uo dAw/||w|. The velocity potential (or
dissipation function) for d is d® = w' dA; = o |w| dA. The velocity potential for the total contact surface is obtained by
integrating over the contact surface

@(w,a)://ua”w” dA. (2.1)
A

Substituting the normal stress for a uniform pressure distributieni ; /A in (2.1) and making use of the coordinate system
(p, @) gives the double integral

R 21
A
D(v,w,AN) = M—I\é / / p\/vz + (wp)2 — 2wpv sing dy dp. (2.2)
TR
00

We introduce the auxiliary variablesand 8 and the critical radiu®*

a:—, ﬁ:—:—, R*z

(2.3)

v
ol
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If R* < R then the velocity potential (2.2) can be expressed by

R 27
<D(v,w,)LN)=&RIZ<//|w|p Va2 41— 2asing dg dp—l—//lvl,o,/ﬁz—{—l 2B sing dp dp) (2.4)
T

R* 0 0
for which holds thatx < 1 in the first integral and > 1, i.e., 8 < 1, in the second integral. The square root terms in the
integrands can therefore be approximated by Taylor series

/\/ +1—2xsing dp = 71<2+ Zx? +—x +1_]2-8 >+O(x8), x <1 (2.5)

Using (2.5), the potentiab (2.4) can be approximated by

UAN 2 1
</|| <2+ a+3—2 +ﬁa>dp+/|v|p(2+ B+ ﬁ-l-@ﬁ) )

AN 102 1041 181
- BN 2 Y -y - 2y
R2</| '(p T T RA 2 1288 8) W

R¥

P (v, w,AN)

22

R*
+/||2+1w2 SR R
; 1w
P32l T3 AP T 186" )Y
0

_MAN||23+1v2 1041 1 8 17R
= 202”7 3208 p 38406 p3 |

2 4 6 R*
il 2t Lo e, 1o s
8 12 192 4 10248 |,
2 1 02 1 4 1 W8 5 8
= uiy|olR S L — AN e —— 2.6
iyl ( 2@R)2 32 (wR)* 384(wR)6> N3072(wR)2 (26)

10
The last term, outside the brackets, is caused by the fact that the two double integrals in (2.4) do not matdéh aue to the

truncation of the Taylor series. This small term tends to zero if (2.5) is approximated with more terms and will be neglected in
the sequel. The velocity potentid@ for R* > R, i.e.,|v| > |w|R, is expressed by

R 27
<D(v,w,kzv)=%//Ivlm/ﬁZJrl—Zﬁsinfp dy dp., @7)
00

for which holds thatr > 1, i.e., 8 < 1, within the integrand. An approximation fdr with R* > R can be found in a similar
fashion, which results in the velocity potential for arbitrary value® bf

2 1 1 1
Ay ol R ——ut—- _— 4410 <1,
whnlol <3+2” 32"~ 3gat tOW )> "
P, w,AyN) = (2.8)
anlolR +11+11+11+01 1
e =) u>1
HANIOR U T 8 T 19243 © 102445 7 "
or
21 1 1 1
2 - = - 3__~-.5 o(u’ <1,
" N|v|<3 +2 3214 38414 + (u )) u
P, w,Ay) = (2.9)
A||1+11+11+11+O1 1
>
HANTY 842 1924 ' 1024,5 B8 T

whereu = |v|/(lw|R) = R*/R. Apparently, the velocity potentials for the purely sliding and purely rotating case are

2
Dp=0=urnlv|=prinlyrl, Dy_0= éﬂllelR, (2.10)
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Fig. 2. The velocity potentia® as function ofv andwR. (a) Cone of the velocity potential. (b) Contour linesdf(uAy).

which are both non-smooth convex potentials. The velocity potegtimrms a cone as function efandwR, which shown in
Fig. 2. The contour lines of the cone are a form between an ellipse and a rectangle.

2.3. Contact laws for a uniform pressure distribution
The tangential frictiorh 7 and the friction torque can be derived from the velocity potential (2.8) (see Glocker, 2001) via
the subdifferential
—A7 €3y, P, —TN € 00,®, (2.11)
or, by the chain rule
A7 €3y, 1771 Viy @, —TN € do|@| Vig P (2.12)

Note that the velocity potential is a smooth function/@fand |w|. The force laws are set-valued @t wR) = 0. Using (2.8)
and (2.9), we can approximate the force laws with Taylor series

1 1
8yT|IyT||uAN<u—§u3—au5+0(u7)>, u<1,
—AT € 2.13
Ta””klll 115 1, 1 . (213
—_—— = - — u>1,
v VTIHAN ST 812 " 64yd ~ 102446~ \u8) )
2 1 3 5
8w|w|uANR<§ - Euz+ 3—2u4+ 3—84u6+0(u8)), u<l, o1
—TN € '
doloyr(FE4 12 31 o2 1
w - — _ _— — u> 1.
Wl @IANT 27 T 48,3 T 512,5 )

Note that the series converge to the same valua ferl becaus% — % + 3% + %1 ~ % + ‘%8 + 5%2
The classical formulation of Coulomb’s friction law for spatial contact, without spin and friction torque, states that the set
of admissible tangential contact forces is the convex set

Dr:={Ar |7l <pan}, (2.15)

where D7 (Ay) is addressed as tHigction disk and is a function of the normal foreey (Fig. 3). The tangential contact law is
for pure Coulomb friction given by

—y1 € Np; (A7), (2.16)

whereNp,. (A7) is the normal cone t®7 atAr. We will normalize the friction torquey with the constant contact radius
to a force and the angular spin velocityto a velocity

Ar = — yr = wR. (2.17)
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Fig. 3. Admissible tangential forces and normal torque. (a) Friction disk; admissible forces#00. (b) Friction plate; admissible force and
torque.

Fig. 4. Friction ballBf.

We now extend the existing theory for spatial Coulomb friction to spatial Coulomb—Contensou friction taking into account a
nonzero friction torquery . The force laws (2.13) and (2.14) give the values.gfand A, as a function ofy andy; and
implicitly define the set of admissible values bf and .. After eliminatingu from (2.13) and (2.14), one can obtain the
admissible sePr (Ay) of (A7, Ar)

A7l At 95, 3, 15,4 5 ¢ 8
Al ag | &= 200 = D= —E°— &% - —£°+0(6°) <1p, E<EF,
{n rllhe [6= St = 2t S 4 5ef - et e+ O(E®) E<t
Pp = ol 2 40 (2.18)
A
plae =200 p= 20 g2 a2 - A 00 L o8 < 1), £ e,
UAN UAN 3 9

with £* =1 — % — 6—14 +---. We will call P (Ay) thefriction plate. The friction platePg is shown in Fig. 3b (the border has
been obtained numerically with the series of (2.18)). The admissible set of tangential friction forces and normal friction torque
forms a squashed balip (A y) inthe (A71, A72, A7) Space,

Azl At 95 3., 154 5 ¢ 8
Apohe |6= ol = 2T 2020 262 2ed . 2 6, o8 <1l £ <er,
{ T At | & o 1= o 2 +8 - et (&%) E<¢
Bp = ol 2 - 40 (2.19)
A
{)‘T,Ar f=ll p=" ;$2+4n2——n4+—n6+0(n8)<1}» &>E%
UAN UAN 3 9

The squashed balt i (Fig. 4) is axisymmetric around thie axis. The intersection a8 with the (A1, A72) plane is formed
by the friction diskD7 . Any intersection ofBr orthogonal toD will give the friction plate Pr. The contact law for spatial
Coulomb-Contensou friction can now be expressed by means of the friction ball

—YF €Np(AF), (2.20)
with
Yri ATl
YE=|rr2 |, Ap=|Air2 |, (2.21)
Yt At

whereNg, (Ar) is the normal cone t8r (A y) atAf.
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The magnitude of the friction forcer as a function of: (2.13) is shown in Fig. 5(a) and the magnitudeirgfas a function
of 1/u (2.14) is shown in Fig. 5(b) (solid lines). The functions both start at the origin and have an asymfjlotd| at ui v
and |A;| = % uAp respectively. The friction characteristigr (v) for a fixed value ofy; can be derived from (2.13) and is
shown in Fig. 6(a) for different fixed values @f. The curves for; > 0 are all single-valued functions af Apparently,

a superimposed spi@ on a sliding velocityv causes a smoothing effect of the friction characteristi€v). The friction
characteristic foy; =0 is (for A, = 0) the classical set-valued friction characteristic of Coulomb. Similarly, the dependence
of A onyy, for different fixed values ob, is shown in Fig. 6(b). The same smoothing effect occurs inthg;) relation ship

due to a superimposed velocity> 0. Again, a set-valued relationship is obtaineddfet 0, which corresponds (fory = 0) to

the classical set-valued friction law of a purely rotational contact. The boundgrjgs= uiy and|r;| = % uAp of the sets

for v = y; = 0 are the extreme values of the friction b&l} (A 5) along its principal axes. For the classical set-valued friction
characteristic of Coulomb (i.e., a purely translational contact 0, y; = 0), the magnitude friction forcgA 7 || rises up to the

value uAy when the contact changes from a sticking state to sliding. This is in gematrdde case for Coulomb—Contensou
friction as soon as we have some rotation. A sticking contact obeying Coulomb—Contensou’s friction law will start slipping for
IA7 |l < uiy if A¢ #£ 0. The slip-criterion for Coulomb—Contensou friction is given(®y, ;) € 9Br(Ay).

The set-valued force law presented in this section is able to describe the smooth characteristic of the friction forces for
nonzero slip and spin velocity as well as the set-valued nature of friction forces when the contactuvstic@s y; = 0).
Moreover, the force law provides the correct slip-criterion when both applied forces and torques are present. Coulomb—
Contensou’s force law reduces to the set-valued Coulomb’s law when the contact radius vahist®s (
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Fig. 5. Friction force and torque as a functionuofor a uniform pressure distribution (solid) and for a parabolic pressure distribution (dashed).
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Fig. 6. Dependence of friction force and normalized torque-prandv for a uniform pressure distribution. (&) as function ofv for fixed
values ofy;. (b) A; as function ofy; for fixed values ofv.
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3. Parabalic pressuredistribution

In this section we will derive the contact laws and velocity potential for a Hertz contact with parabolic pressure distribution
and constant contact radius. In the previous section we studied a contact with uniform pressure distribution by means of
Taylor series. The velocity potential with a parabolic pressure distribution, however, can be expressed in elementary functions
(Zhuravlev, 1998). Hereto, we introduce the coordinataedé, which are polar coordinates around the pBfe, (see Fig. 1).

The relation between the coordinates?) and(p, ¢) is given by

v

w

pCOSp =rsinf,  psing +rcosd = R* = (3.1)

We will assume a circular contact surface with radRisThe contact radiug is for a Hertz contact (Johnson, 1985) a function
of the normal load. v

30* AN 1/3
RO.) = ( AL : (3.2)
where Yo* =1/01 + 1/02 is the relative curvature anl* is the effective elasticity modulus
1 1—v2 12
=1+ 2 (33)
E* Eq E>

with g;, E;, v; being the radii, elasticity moduli and Poisson constants of the contacting bodies. However, the theoretical contact
radius according to Hertz is for relatively hard bodies extremely small. Instead, we will assume that the radius of the contact
surface is determined by the surface roughness and meso-scopic non-convexity of the contacting bodies, which is for hard bodies
more realistic. The contact radius is therefore assumed to be constam,=+eRg. The Hertz normal pressure distribution is

given by the parabolic function

_ 3N 02 _ 3N
~ 2nR? R2 27 R?
with « = R* /R andg = r/R. The magnitude of the velocity simplifies in(r, ) coordinates to

a2+ 2qucosh +1-u?, (3.4)

Jwll =/ ( — w0 SiNg)? + (wp c0Sp)2 = far . (35)
3.1. Velocity potential with parabolic pressure distribution

The velocity potentiatb (v, w, ) defined by (2.1) is now expressed as a double integral in the coordinaégs

7 rt
//,ua”w”r drds, u<1,

0
D (v,w,AyN) = ’ (3.6)
o* rt

2//,ual|w||r dr d9, u>1
0r-

Substitution of (3.4) in (3.6) and making use of the normalized raglits /R gives

7Tr+
‘;’Z;’y |//Ur dr dp = TN |/Q2d9 u<l,
P(v,w,AN) = (3.7)
3uA
MR12V| |//(7r dr df = |/Q2d9 u>1
with
Q2=/\/—q2+2qu0039+1—u2q2 dg, (3.8)

q-
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and the integration limits

rE =rCOS€:I:\/R*2—rZSin29, (3.9
g =ucost £4/1—u2sin?e. (3.10)

First, the integralp, = f:j q%\/aq? + bq + ¢ dq is evaluated withy = —1, b = 2ucos, c =1 — u?, A = —4(1 — u?sir6)
by making use of (A.1), (A.2) and (A.3) (see Appendix A)

502 —dac A 1 [ _ q+b>]q+
Q) = " — arcsi
16a2 8a /—a V=A q

2 . qt
(5% +4c)A [arcsi 2q + b)]
128 v—A

g

(4u? — 5u?sir? 9 + 1) (1 — u? sin?0) [arcsi —q +ucosd ﬂq*
8 V1—u2sirte/1g-
= Z(Butsirt 0 — (4u® + 6u?) sirP 6 + 1+ 4u?). (3.11)

Subsequently, the integral (3.7) can be evaluated using (A.4) and (A.5).€drwe obtain

T
3uh . .
D, 0, hy) = Mk|w|/(5u4sun4e—(4u4+6u2) S0 + 1+ 4u?) do
0

16
3ui 1
= %R|w|n<—§u4+u2+l), (3.12)
and foru > 1
9*

3ui . .
DV, w,Ay) = %R|w|/(5u4sm49 — (4u4+6u2)sm29+1+4u2) do
0

SuAn a3, 1 * 1 * 4 a1 1. * 2\ p*
= ——R 5 —-0* — —sin® —sin®d* | — (4 6 0" — —sind 1+ 4u<)o
5 |w|<u 5 2 +35 (u+u)2 2 + (1+4u®)

3ur 1 1 3 5
= %R|w|<<—§u4 +u?+ 1)9* + (—Zu4 + Euz) sin2* + 3—2u4sin49*>

3ui 1 1 7
= %R|w|<<—§u4+u2+l)9*+(—uz—l—‘—‘r)\/uz—l), (3.13)

8

with sing* = 1/u, sin®* = (2/u?)v/u2 — 1, sin®* = (4/u?)(1 — 2/u?)y/u? — 1. Summarizing, the velocity potential for a
parabolic pressure distribution reads as

3ui
%R|w|n(—u4+8u2+8), u<l,
B, 0, hy) = (3.14)
3uin 4 g2 12 /
WRkol((—u + 8u”“ + 8) arcsin— + (u + 14) u? — 1), u>1,
u

whereu = u(v, ) andR is constant.
3.2. Contact laws for a parabolic pressure distribution

The set-valued force laws for Coulomb—Contensou friction with a parabolic pressure distribution can be derived from the
velocity potential (3.14) similar to the discussion of the uniform pressure distribution. The friction togquell again be
normalized with the constant contact radiRiso a force and the angular spin velocityto a velocity

Ar=—, yr = wR. (3.15)
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The velocity potential (3.14) can be expressed in term@6f, w, Ay) as well as in terms oo (y 7, yr, An). Using the
definitions of the set-valued force laws

—Ar €3y, Y7l Vy P, —Ar € 3y lye| Vi, | ® (3.16)
and the velocity potential (3.14), we can derive the force laws
3ui
By Iy 1 =5 mu(—u? +4), u<1
—Ar € B 1 L (3.17)
yrlrrl 'ulGN - <u2(4— u2) arcsir(—) + (u2 +2)vVu? - 1), u>1,
u u
3uA
Ay, lyrl H Nrr(3u4—8u2+8), u<l,
128
—Ar € 3 1 (3.18)
Ay, |yl 124N ((3144 —8u?+ 8) arcsir(—) + (—3u2 + 6)\/ u? — 1), u>1
u

The magnitude of the friction forcer and as a function af (3.17) andy; as a function of 1u (3.18) for a parabolic pressure
distribution is shown in Fig. 5 (dashed lines). The force laws (3.17) and (3.18) give the valuesintiA; as a function of
andy; and implicitly define the set of admissible values\gf andi. The friction platePr (1), being the admissible set of
(A7, A7), can be obtained after eliminatimgfrom (3.17) and (3.18)

9/n\2 9/&\%2 243/¢&\* 9 [&\° £\8
—( L - = - | = - | = 2 < <
{”””’“ 64<n*> +8<s*> 1024(&*) 32768(&* +O(<s*> >\1 P ESE
Pp = (3.19)
75 1250
{H Tl Ao | 8% +50" = ="+ =’ + (n°) , £ > £*,
with
A7l At
_ , L 3.20
HAN ! HAN (3.20)

and&* = 3%71, n* = %}n. The admissible set of tangential friction forces and normal friction torque forms the friction ball
Bp(Ay) inthe(Ar1, Ar2, A7) space,

9/n\2 9/&\2 243/&\* 9 [&\® £\8 .
5 P [Gar) +5(5) —tol&) —mamle) ~ol(&)) <1} e=e 021
Fi= .
{lr,kr §2+5n2—7—;3n4+%)n6+0(n8)<1}, £>E*

Similar to the discussion of the uniform pressure distribution, one can express the contact law for spatial Coulomb—Contensou
friction with parabolic pressure distribution by means of the friction ball

—YFr €Np(AF), (3.22)

with (2.21) whereNp, (A r) is the normal cone t8r (A y) atAp.

The force laws and velocity potential for a parabolic pressure distribution were derived in this section. The force laws for
a parabolic pressure distribution appear to be qualitatively similar to the force laws for a uniform pressure distribution and
differ maximally about 20 percent in magnitude (see Fig. 5). The friction gtatand friction ballB for a parabolic pressure
distribution (not depicted) are therefore very similar in shape to the sets shown in Figs. 3 and 4.

4. Multibody formulation of systems with Coulomb—Contensou friction

In this section the numerical simulation of multibody system with Coulomb—Contensou friction will be discussed. The main
rigid-body integration techniques for systems with unilateral constraints are the event-driven integration method and the time-
stepping method (Anitescu and Potra, 1997; Brogliato, 1999; Glocker, 1995, 1998; Moreau, 1988; Pfeiffer and Glocker, 1996;
Stewart and Trinkle, 1996; Stiegelmeyr, 2001).

The event-driven integration method uses a standard ODE solver for integration in smooth phases of the motion. The
constraints are expressed on acceleration level and integration is stopped when an event occurs. Usually a Linear (or nonlinear)
Complementarity Problem is solved to determine the next hybrid mode after the event.
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Time-stepping methods are based on using a time-discretization of generalized pgsiiotis/elocitiest, usually with
a fixed step-size. Integrals of forces over each time-step are used instead of the instantaneous values of the forces. The time-
stepping method makes no distinction between impulsive forces (due to impacts) and finite forces. Only increments of the
positions and velocities are computed. The acceleratismot computed by the algorithm, as it becomes infinite for impulsive
forces. The positions and velocities at the end of the time-step are found by solving an algebraic inclusion which describes the
contact problem (for instance by formulating it as a (Non)linear Complementarity Problem). Multiple events might take place
during one time-step, and the algorithm computes the overall integral of the forces over this time-step, which is finite. The time-
stepping method is especially useful when one is interested in the global motion of systems with many contact points, leading to
a large number of events. Each individual event is for those applications not of importance but the global motion is determined
by the sum of all events. The benefit of time-stepping methods over event-driven integration methods is the fact that no (or
less) event-detection and index sets are needed. This makes the algorithm less complex, more robust and will give a reduction
in computation time when many contacts are involved. A second advantage of the time-stepping method is its capability to
pass accumulation points of impacts. A notable disadvantage of the time-stepping method is its low-order accuracy. The time-
stepping method was introduced by Moreau (1988) and has been subsequently developed in Anitescu and Potra (1997), Stewart
and Trinkle (1996), Stiegelmeyr (2001).

The event-driven integration method and the time-stepping method have been applied to mechanical sys@oakomith
friction. In this section we will describe the time-stepping method of Moreau (1988) and combine it with the Augmented
Lagrangian Method (Alart and Curnier, 1991; Simo and Laursen, 1992; Laursen and Simo, 1993) in order to Suvieithte-
Contensou contact problem. Furthermore, we will extend the time-stepping method of Moreau to a fourth-order Runge—Kutta
time-stepping method. A brief discussion of the Augmented Lagrangian will be given first.

4.1. Augmented Lagrangian Method

The dynamics of a multibody system during an impact free part of the motion can be expressed by the equation of motion
on acceleration level (Pfeiffer and Glocker, 1996)

M(t,q)u—h(t,q,u) — Wy, @Ay — Wg(t,g) A =0, (4.1)
with the set-valued force laws

—gn € Ncy(An), —YF €Ngron)AF), (4.2)

whereM is the symmetric mass matrigthe vector with generalized coordinatess ¢ is the vector with generalized velocities
andh is the vector with all smooth elastic, gyroscopic and dissipating generalized forces. The normal contact force af contact
is denoted by ; and the vector of generalized friction forces by;. The vectorswy; andwg; are the generalized normal
and sliding force directions of contactind constitute the matricd® y = {wy;} andW g = {w;}. The dual variables to the
normal contact forces y are the variations of the normal gap distanggsand the dual variables to the generalized friction
forcesi p are the variations of the generalized sliding velocijigs

The usual equation of motion, which relates acceleration to forces, is not suited to describe motion with impact. We replace
the equation of motion on acceleration level by an equality of measures (Glocker, 2001; Moreau, 1988)

Mdu—hdt—WydAy —WrpdAp =0, (4.3)
or more briefly as
Mdu—hd—WdA=0, (4.4)

where the dependence of the system matrices, grand ¢ has been omitted for brevity. We denote withtde Lebesgue-
measure and withigthe sum of the dirac pulses at the impact times. The measure for the velogities dr + (u™ —u~)dy
is split in a Lebesgue-measurable part and an atomic part. The atomic part consists of the left and rightuliatit .dFor
impact free motion it holds thatud= & dr. Similarly, the measure for the impulses is defined As=\ dr + A dn.

The constraints on velocity level can be expressed in the left and right limits of

yr=whut+w, y =wla +a. (4.5)

For impact free motion it holds that=y T =y .
At this point we discretize the measure differential equation by integrating over a small but finite time interval

/du:Au, /hdt:Ah%hAt, /dA:A, (4.6)
At At At
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and we obtain the equation of motion in differences

MAu —hAt — WAy —WgAp =0. 4.7
The force laws for completely inelastic contact with friction can be put in the form

—Ay €W+ (yY).  —Apedd(y)). (4.8)
wheredp+ is the indicator function of convex analysis Bri- with

yﬁ:W};,(u_—i-Au)—i—lTJN, y'}:W}(u_—i-Au)—i-ﬁp. (4.9

In each incremental step, say time-step, we have to s6lwend (A, Ar) from the equation of motion (4.7) and the
force laws (4.8), which forms a set of algebranclusions. An elegant way to solve such a set of algebraic inclusions is by
transforming the problem to a constrained optimization problem. The constrained optimization problem can subsequently be
transformed to amnconstrained mini-max problem by making use of the Augmented Lagrangian (Rockafellar, 1976). The
solution to the algebraic inclusion then corresponds to a saddle-point of the Augmented Lagrangian.

The (quasi) Augmented Lagrangian for a frictional contact problem can be expressed as (see Alart and Curnier, 1991)

1 - 2
La(Au, Ay, Ap) = 5||Au—M Yhat|y, -y awAy -y L(Aw AR

r 2 1
+ EHyN(Au)” ~ 5 dist. (Ay —ryy(Aw))
1
2

where By is dependent on the normal fofcandr > 0. The Augmented Lagrangiahy is dependent on a parametes 0,
which (loosely speaking) controls the steepness fin the region where the Lagrangidn

+ 51y paw|? - o disg, (4r — ry p(aw), (4.10)

1 _ 2
L(Au, Ay, Ap) =3 |au— M~ hat|)y, -y (AwAy — yE(Aw) AR, (4.11)

is constrained as well as an additional penalty term in the directionThe value ofr should be taken large enough to make
the problem well conditioned in the constrained region, but not too high in order to prevent ill-conditioning due to the penalty
term 51y (Aw)|.

We will make use of the following properties of distances and proximal points on a convéx set

proxc (x) = argmin||x — x*|, distc (x) = ||x — proxc (x) |, (4.12)
Vx*eC
1.
VE dls%(x) =X — proxc(x), (4.13)
T 1 -5 1.
f@) ==xTy+ S|x|? = Sdisf(y —x) = Vf(x) = =y +x + [y = x = proxc(y — x)] = — proxc (y — x).
(4.14)
Evaluating the stationarity conditions of the saddle-poink gfgives the equations
Vaula(Au, Ay, Ap)=MAu —hAt —WyIIN(AN,yN) = WEITp(Ay, Ap, ¥y F) =0,
1
VANLA(AII,AN, AF) = _;(AN — HN(AN, }IN)) =0,
1
VAFLA(AII, AN! AF) = _;(AF — HF(AN! AF, yF)) = 0, (415)

where use has been made of (4.12)—(4.14) and the abbreviations

TIN(AN, Y N) =ProXcy (AN —rY N,
nF(AN,AF,yF)= proxBF(AN)(AF—ryF). (416)
Note thaty y = ¥ y (Au) andy r = y p(Au). We therefore obtain the set of algebraic equations

1 To be more precise, it holds thaty = Br(proxg+(Ay —ry y(Au)), see Alart and Curnier (1991).
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MAu—hAt —WNIIN(AN,yN) —WrHEp(Ay, Afp,y ) =0,
Ay =TIN(AN,YN),

AF=HF(AN,AF,)/F). (417)

The saddle point of the Augmented Lagrangian, being the solution to the set of algebraic equations, can be found with a
Modified Newton algorithm (Alart and Curnier, 1991). More elaborate methods also exist but we will discuss the Modified
Newton Method because of its simplicity.

The Modified Newton Method uses initial guesses for the impulA§,sandA’<F for k =1, and iterates the scheme

1. SolveAu**1 from MAWY = hat + Wy AX, + W p A%

; k+1 k+1 k+1 k+1 k+1 ; k+1 k+1
2. Project ARt = my (AX yNh, AR = MG, A% pAh with i = W (auktt £ uk) +wy, pi =

WLauk+ +ub) +wp
until the error| A — AK || + 1 A% — A | is within some tolerance.
4.2. Time-stepping method

In the sequel of this section we will present time-stepping methods, which use the Augmented Lagrangian Method to solve
the contact problem. We first discuss the time-stepping method of Moreau, which is basically a special kind of midpoint DAE
solver. Consider the positiorg, and velocitiest 4 to be known at the beginning of the time-step at tie The algorithm
takes first a half time-step for the positions and arrives at the midpgjnt g 4 + %AtuA. The midpoint is used to classify the
status of the normal constraints, which allows for an index reduction. The contdgt sefi | gn; (a7, g 37) < 0} is calculated
at the midpoint and used to set-up the contact problem on velocity level for both the normal and tangential constraints. The set
Iy contains all indices of the closed contact points. A correspondinkysistderived from/,y, containing all indices of friction
forces which participate in the contact. The veloaity, at the end of time-stegg =t4 + At, is subsequently calculated by a
trapezoidal scheme

Muyug —up)=hyAt+WyyAy +WryAr, (4.18)
and the set-valued force laws
—Ay € 3R+ (yh). —Apedd(yh), (4.19)

whereM s, by, Wy and W gy are the system matrices evaluated at the midpoint. This set of algebraic inclusions can be
solved using an Augmented Lagrangian approach together with a Modified Newton Method. Finally, the positions at the end of
the time-step are calculated: = g, + %AtuE. The algorithm is summarized in Table 1, which shows how the Augmented
Lagrangian Method is combined with the time-stepping method. The algorithm is implemented such that the calculated impulses
Ay andA g are used as initial guesses for the Augmented Lagrangian calculation in the next time-step.

The time-stepping method of Moreau is very elegant due to its simplicity but suffers from the fact that it is at best a second-
order method. Mechanical systems can exhibit high frequency oscillations during smooth parts of the motion, which require
a higher-order integration scheme. We will present a four-stage Runge—Kutta method based on the time-stepping method of
Moreau. The four-stage Runge—Kutta method achieves a fourth-order accuracy during smooth parts of the motion and first-
order accuracy if an impact is encountered during the time-step. The basic construction scheme of a Runge—Kutta method for a
differential equationt = f(z, x) is

X1 =xpn,
i—1
X;=xp + At Zaijf(tn +ejAL X)), i=2,...,s,
j=1
N
Xl =Xn + ALY b f(ta +ci AL, X;) (4.20)

i=1
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Table 1
Moreau’s time-stepping method with an Augmented Lagrangian approach

function [z, ¢, u] = TimeSteppingMethodMoreau(tg, teng, 0. 0. N, tol)
At = ‘endj0 Initialize
=1, ¢t=qo ul=ug
Ay=0, Ap=0
for j=1toN Do all time-steps
tw=tl, qa=q/, uwp=ul
tm=1ts+ %At, qu =494+ %AtuA Do half a time-step
My =MGym.qp), hy=hlp, gy us)
In={ilgni(tm,qm) <0}
Ip={|1=2i—1,icly}U{l|I=2i,icIy}U{l|l=i+2nc,icly}
W = {wh (p.qp)). Bym =By (p.qp)). i€ly
Weyn =Wty qum)).  Wpy = {05y qp)). i€lp
k=1, converged=false AN =Ay(y), AN =Apup)
while converged= false Augmented Lagrangian Method
ug =up + Myt A+ Wy AX + Wy Ak
qe=4qum + %AmE
YNE=Whyue+®ny. vre=Whyup+®py
AN =N AR yyp). AT =TTRARGT AL v pp)
error= [ AN — AK ||+ 145 — Ak
converged= (error < tol)

k=k+1
end
tp =1ty + %At Do the second half time-step
tj+1=tE, qj+1=lIE, uj+1=uE
ANUN) =AY, App) = A}
end

end

with the Butcher array for the four-stage methed<4)

0
1
2
1
2
1

c|l A
or

oo O Nk
wkr| o NIk

1
1
3

ol

The above scheme is a fourth-order integration method for ordinary differential equations, which can be adapted to measure
differential equations. For a mechanical system with impacts, one cannot determine accelerations nor contact forces because
they are not functions of bounded variation if an impact occurs. Still, for a discretized measure differential equation we are able
to define an average acceleration per time-gtép- (u/ — u/~1)/At, which will be denoted by ‘pseudo-acceleration’. The
average acceleration, taking into account the set-valued behaviour of the contact forces, can be computed with the method of
Moreau. A Runge—Kutta method for systems with impact and friction can therefore be formulated, which uses the time-stepping
method of Moreau to compute pseudo-accelerations at every stage of the scheme. The Runge—Kutta time-stepping algorithm
is summarized in Table 2, which shows how the classical Runge—Kutta method is combined with the time-stepping method of
Moreau. The method uses a time-step = At/4 for the determination of the pseudo-accelerations. The presented Runge—
Kutta time-stepping method is closely related to half-explicit Runge—Kutta methods for differential algebraic equations (Hairer
and Wanner, 2002).
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Table 2
Runge—Kutta 4 time-stepping method

function [z, g, u] = TimeSteppingMethodRK4 (tg, feng, 40, 0. N, tol)
c=[0 3 3 1]
Ar="e000  Apy = Ar/4 Initialize
tt=1n. qt=4qo, ul=ug
AN =0, AF =0
for j=1toN Do all time-steps
la1, Ay, Ap]= ComputeStage(t/, ¢/, u/, Ay, Af, Aty, tol)
uq :uj
form=2to4 Do all stages
tm =1t + cp At
qm :qj +emAtuy,_q
Uy = u’ +cemAta, 1
[am. AN, AF] = ComputeStage(tm, q,,, m. AN, AF, Atp, tol)
end
It =1 4 A
g/ Tt=q/ + (%ul + %uz + %ug + %u4)At
wtl=yi + (%al + %az + %ag + %a4)At
end
end

function [a;;, An, Ar] = ComputeStage(tm, q,,, Um. AN, AF, Ato, tol)
IA=TIm, qA=qm>» UA=Un
ty=1ta+ %Alz, qu =94+ %AlzuA Do half a time-step
My =M(p.qp), hv=hlp,qy. w4
In={ilgniCty,qp) <0}
Ip={l|l=2i-1 ieclylU{l|l=2i,iecly}U{l|l=i+2nc,icly}
Wy = {wh (p.qp)). Bym =By (a.qp)). i€ly
Wen =Wty qp)). Bpy = {05y qy)). i€lp
k=1, converged=false AN =An(y), AN =Apup)
while converged= false Augmented Lagrangian Method
up =up+ My A+ Wy AN + Wryak)
9 =4qm + %AtzuE
YNE=WNyue+Bny. yrE=WLyup+Wpy
AN =y AK v ). ATt = Al ARy ep)
error= | A5 — AK | + 14K — Ak
converged= (error < tol)
k=k+1
end
am = ug —up)/Afp
AnUy)=AK. ApUp) =A%
end

5. TheTippe-Top

In this section we will present a rigid-body model of the Tippe-Top and present numerical results using the Runge—
Kutta time-stepping method and Coulomb—Contensou’s friction law. The Tippe-Top (Fig. 7) consists of a spherical body with
geometric centeM, radiusry, and a stick attached on top of the body. The stick is rounded at the tip with a hemisphere with
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T2

az

Fig. 7. Geometry of the Tippe-Top. Fig. 8. The Euler angles of the Tippe-Top.

geometric centeN and radius-. The toy is axisymmetric around the axisN . The center of mass of the top$s which lies
at a distanceq below M and at a distance, from N.

5.1. Coordinate systems

Theel =[e], €3, e11T coordinate frame is the orthonormal absolute coordinate frame fixed to the world whpoints
in the vertical direction. The frame® =[] eF 31T is fixed to the body witte3 along the axis of symmetry. The frame

¢* results from the frame? after a sequence of three elementary rotatighs: A2lel, €3 = 4322, ¢4 = A*43¢3, wheree?
ande3 are intermediate frames. The total directional cosine matrix is composed by multiplication of the cosine matrices of the
elementary rotatione® = A%%el with 441 = 443432421 e will describe the rotation of the top in Euler angles.

The Euler angles aré (nutation),¢ (precession) andg: (spin angle), see Fig. 8. The sequence of rotations consists of a
rotation ¢ arounde%, then a rotatiorg arounde% and finally a rotation) aroundeg. The resulting total directional cosine

matrix for Euler angles becomet*! = A43(y) A32(6) A%1(p) with

cosyy siny O 1 0 0 cosp sing O
A43(I/f) = [—sim// cosyr 0} , ASZ(G) = {0 cosy  sing } , A21((p) = [—sinw cosyp O:| . (5.1)
0 0 1 0 —sind cosv 0 0 1
The vector of Poisson of the top can expressed in the Euler angles

. ' 110 T 6 10
w:¢e%+9e%+1ﬁe§=el O:|+e2 [0:|+83 [Oi|
Lo 0 1
T 0 T 67 T 0
=l {(')i|+e1 AlZ{O +el A13|:Q:|=w%e%+w%e%+w%e%
¢ 0 4
T 0 - reo - 0
@ LO v
with
w} 6 cosp + 1 sing sing o} @ sind siny + 6 cosyr
w3 | = | @sing —yrcospsing |, w3 | =| ¢sinocosy —dsiny | . (5.3)
wl ¢ + r cosh ol ¥ + ¢ cosd

5.2. Equations of motion in Euler angles

As generalized coordinates for the top we choose the positignss andzg along the axes%, e%, e% to describe the

translational motion of the center of masand the Euler angles, ¢ andy to describe the rotational motion:
g=lxs ys z5s 0 ¢ ¥ (5.4)
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The kinetic energy’ can be expressed in the generalized coordinates

1 . ) . 1 1 1
Sm(i2+ 33+ 22) + Sh(0f)? + Z1(wd)? + S13(0d)?

=3 2 2 2
= %m(fc_% +33+22)+ %Il(qaz sir?6 + 62) + %13({0 +¢cosd)?, (5.5)
with I1 = I> due to axisymmetry. The potential energyis purely due to gravity
V =mgzg. (5.6)
The Lagrange’s equation of motion for the unconstrained undamped motion is
%Zg —T4+Vy=0, (5.7)
which yields

mig=0, mysg=0, mig+mg=0,

116 — (I — I3)¢? Sinf cosf + Izyr¢sing =0,

(I1Sin? 0 + 13008 0) + I3 cOSH + 2(I1 — I3)¢6 Sinf cosh — Igyr6 sing = O,
I3(Y + ¢ cosh — @b sing) = 0.

(5.8)

The equations of motion can be put in the foMi(g)g — k(q, §) = 0, whereM is the mass matrix ankl is a vector containing
gyroscopical and gravitational forces with

m 0 0 O 0 0 0
0O m 0 O 0 0 0
0 0m O 0 0 —mg
M=|g o 0 1 0 o |© "= (- 1mpcoss — Igi)gsing (5.9)
0 0 0 O Ijsif6+I3cof0 I3cosd (2(I3 — 11)¢ cOS0 + I3/)é sind
0O 0 0 O I3c0s9 I3 I3¢0 sind

5.3. Congtraints

The top has two contact points (either open or closed). Contact point 1 is the contact between the body and the floor. Contact
point 2 is the contact between the hemispherical tip of the stick and the floor. The point on the spherical part of the top, being
closest to the projection poiri’, is called pointC. Contact is established when agrees withM’ and then we calC the
contact point. The location af is given by

rc=rs+rsy+ryc, (5.10)
with
XS 0 0 0
T T T T
rszel [y5i|, r5M=e4 [Oi|=el A14[Oi|, rMC=e1 |: 0 i| (5.11)
s ai ai —r1
The vectorr - expressed in Euler angles becomes
xs + a1 Sing sing
re= [ys — a1 CoSy sine} , (5.12)
zs +ai1coshd —ry

from which the normal contact distance of contact 1 can be obtained

gN1=rc3=25 +a1C080 —rj. (5.13)
Similarly, the contact distance between the stick and the floor reads as

gN2 =128 + apCcosh — ry. (5.14)
The contact distances have the derivativgs = ¢n; (almost everywhere)

YNi =25 —a;0sing, i=1,2, (5.15)
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oryni = Wk g + Wy; with

Wyi=[0 0 1 —g;sing 0 01", @y =0. (5.16)
The velocity of pointC on the spherical part top is given by

ve=vs+wXrgc, (5.17)
wherer g¢ is the vector from the center of ma$so the pointC, i.e.,r s¢ = r¢ —rs. The velocityv ¢ in the framee® becomes

%s + (a1 + r1vr) sind cosy + 6(ag cosd — rp) sing
v% = [)’»g + (a1¢ + r1y) sinf sing — 0 (a1 oY — r1) COS§0:| ,

zg — a0 sing

(5.18)

where the component m}; is zero whenyy1 =0.
The tangential contact velocity is a vector in (Ia%, e%) plane. The tangential contact velocity at contact point 1 is given by
the components off. in the (e1, ) directions

_ [ ks + (a1 + r1y) sind cosp + 6 (ag cosd — ry) sing (5.19)
YT1= 1 6+ (a1 + riy) sind sing — 6 (ag cosd — r1) cosy | :
In the same way we can fingy,, which we write in the formy r; = W}iq + wy; withi =1,2 and
. . . T
{1 0 0 (gicosd—ri)sing a;singcosp r;sing cosp ~ |0
Wri= [O 1 0 —(q;cosh—r;)cosp a;sindsing risingsing | ©  PTiT| ol (5.20)

The relative spin of a contact point is the projection of the Poisson vector m‘%me's, i.e.,w%. The spin velocity vector is

the product of spin angular velocity and a contact radtpand given byy,; = w%R,- = (¢ + ¥ cosd) R; . The contact matrices
can be found in a straightforward way:

W.,=[0 0 0 0 1 co®]'R;, iy =0. (5.21)
5.4. Numerical results

Some numerical results on the Tippe-Top with Coulomb—Contensou friction will be presented in this subsection. We will
show that Coulomb—Contensou friction is important for the dynamics of the top. The stability and dynamics of the Tippe-Top
will only be briefly discussed. We refer to Magnus (1971) for a more complete analysis of the stability of the equilibrium
positions.

Numerical results on the Tippe-Top with an approximated Coulomb—Contensou friction model (tangens hyperbolicus
approximation) and a penalty approximation in the normal direction were given in Friedl (1997). We will present similar
results, but making use of the set-valued Coulomb—Contensou friction law in tangential direction and Signorini’s law in normal
direction. We consider for the numerical analysis the same dataset as taken in Friedl (1997):

Dynamicsin =6 x 103 kg, 11 =8 x 107 kg-m2, I3=7 x 10~ ' kg- m2, g =9.81 nys%;

Geometryu; =0.3x 1072 m,a; =1.6x 102 m,r; =15x 1072 m,r, =05x 1072 m;

Contacty; =0.3,ey; =0, R; =5x 10 *mfori =1, 2.

The parameters of the above dataset are realistic for a wooden commercial Tippe-Top. The contact parameters depend on the
Tippe-Top as well as on the supporting underground. A friction coeffigieat0.3 is realistic for dry contact of wood on wood.
Hardly any restitution is observed when a wooden Tippe-Top is dropped on a wooden table or floor, which is well modelled
with a completely inelastic impact conditia; = 0. A more difficult parameter to choose is the contact radiu¥he radius
of the contact surface would be according to Hertz law (3.2)

SQ*)LN >1/3

Ruertz= <W

We assume that the underground is flat and thereforeothat r1. The contact force is approximately equal to its stationary

value iy ~ mg. Furthermore, we assume the effective modulus of elasticity t6*be 5 GPa, which is realistic for a wooden

toy on a wooden surface. The theoretical radiygt, would with these assumptions be about 50~> m, which is much less

than the surface roughness of wood #6610~ 3 m). It can therefore be expected that the radius of the contact surface does
not follow Hertz' law but depends on the roughness of the contacting bodies. We therefore assume a constant contact radius of
R =5 x 10~% m for both contact points. The influence of the contact radius on the dynamics of the system will be studied at
the end of this section.
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Using the above dataset, the motion of the Tippe-Top was simulated with the four stage Runge—Kutta time-stepping method
and with the initial condition (following Friedl, 1997)

zs0=12015x1072m,  @g=01rad  vo=180rads,

and all other initial states being equal to zero. The time-history of the inclingtiduring the first 8 seconds of the motion

is shown in Fig. 9 and the contact distances in Fig. 10. The initial condition=ad s corresponds to a slightly inclined top
which is resting with its body on the floor, i.egy1 = 0 andgp2 > 0, and is spinning fastly around its axis of revolution.
The friction forces in the contact surface cause a frictional torque along%tlae{is. The frictional torque together with the

spin around thezg,1 axis causes a gyroscopical torque around the nodaleémmch slowly inverts the orientation of the top,

6 =0— 6 = . A high-frequency nutational oscillation is superimposed on the global motion of the top. The stick touches the
floor atr = 1.5 s, after which the body loses contact with the floor, g&4 > 0 andgy2 = 0. The top turns almost completely
upright on the stick during the period@l< ¢ < 4 s. The rotational speed of the top is gradually reduced due to the dissipation
of the friction forces, which causes a re-inversion of the top,4 s. The re-inversion causes the body to touch the floor at

t = 4.55 s. A rocking motion is initiated, which ends in an accumulation point of impacts. The top remains in double-point

contact gn1 = gn2 = 0) during the period 65 < ¢ < 5.4 s. Finally, the contact between stick and floor is opened and the top
gradually turns to its trivial non-rotating equilibrium position.

35
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Fig. 9. Time-history of the inclination of the Tippe-Tof &5 x 10~4 m).
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Fig. 10. Time-history of the contact distances of the Tippe-®p=(5 x 1074 m).
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5.5. Local stability analysis of equilibria

Stationary motion of the Tippe-Top can occur in the trivial positi®r=(0) with contact between the body and the floor or
in an inverted positiond = ) with contact between the stick and the floor. The stability of these equilibria depends on the spin
w and on the geometry of the top. Dissipation will slow down the top and bring it back to rest. Still, it is of interest to know
whether the top can stay (for some time) on its stick for a certainspimd whether the trivial position can become (temporarily)
unstable for large values af. We will therefore study the local (quasi)-stability of the Tippe-Top under the assumption that
the spinw is constant, i.e.p = wg. The description of the top in Euler angles becomes singular for the equilibrium positions
(6 =0, 7). In the sequel we will make use of the equations of motion of the Tippe-Top in Cardan angles for small
angles around the equilibria. The derivation of the equations in Cardan angles will be omitted here for brevity but can be found
in Magnus (1971).

The two equilibria show a similarity and it will therefore prove to be convenient to introduce the following parameters

(1) body-floor contactt =a1 > 0,r =r1 >0,r > a,
(2) stick-floor contactu = —ap <0,r =rp > 0,r > a.

For each case the value bf= —a + r, which defines the maximal height of the center of m&ssith respect to the floor,
is positiveh > 0. Stationary motion is defined hy= g = 0, y = wg. The quantitiesx, 8, &, B andxg, yg are small of first
order Qn). The equations of motion in Cardan angles for small angles become (Magnus, 1971)

mis =Ar1,

mys =Ar2,

mig=-—mg+ Ay,

116 + I3y B = —aady + hiro + O(ns),

1B — I3yé = —aphy — hrr1+O(n%),

I3y =rair1+rBira+ O(nz).

(5.22)

The termmZg is of order Qn), which is small with respect to the termmg. It follows that iy = mg. If Arq andipo
are of first order @y) then it follows that/sj is of order Q»2), which we neglect, and which agrees with the assumption
y = wg = constant.

Magnus (1971) presented the necessary and sufficient conditions for local stability of the Tippe-Top in the presence of a
smooth friction law. The proof is based on a linear stability analysis by means of eigenvalues. In this subsection we will give
a similar local stability analysis based on the Coulomb—Contensou friction law, which gives a smooth friction characteristic
A7 (y ) for nonzero spinw.

The tangential friction force is far = v/(wR) < 1 given by (3.17)

3ur
“Aredy, Hyﬂl%ﬂu(—uz +4), u<l, (5.23)
from which we can derive for small the smooth relation
31
AT R —UAN — —— =— 5.24
TN —UAN g~ VT = —EVT (5.24)
with
31
= _— 5.25
E=pumg o — (5.25)

Note that, 7 is of order Q) and thati y ~ mg. The reduced equations of motion become

mvoy = —e(vy — hﬁ + roga),
mvy = —&(vy + ha +rwgB),
.. 2. . (5.26)
& +eh“a + amgo + Izwop + erhagp + ehvy =0,
g+ shzﬁ +amgp — Izwgd — erhwga — ehvy =0,
with vy = Xg andvy = yg. Using the complex variables

w=vy +ivy, E=a+ig, (5.27)
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the reduced equations of motion (5.26) can be transformed into the complex system of differential equations

mib + e(w + ihé + rogt) =0,

. 2: ] . ) (5.28)
I1& + eh“E + amgé — il3wpé — ierhwgé — ichw = 0.
With the ansatz
w=WweM, g=g5éeM, (5.29)
we obtain the characteristic equation
Ate iehh +¢
det[m _ AR ] =0 (5.30)
—leh  I1A°+ (eh —il3wo)A + amg — ierhwg
or
mk[llkz —ilgwgh +amg| + e[ (I1 + mh?)A? (I3 + mhr)wo). + amg] =0. (5.31)

Following Magnus (1971), the system will be on the verge of instability whenpurely imaginary. Both expressions between

the straight brackets will be real valuediifis purely imaginary. The first expression between straight brackets is, however,

multiplied by 1. It therefore must hold that both expressions between the straight brackets must vanish and we obtain
mhA(h) —irwg) =0, (5.32)

which has two roots. The first roat= 0 of (5.32) is not a root of the characteristic equation (5.31). Substitution of the second
root of (5.32),A =irwg/ h, in one of the bracket expressions of (5.31) gives the condition

r{lz3 r\ »

which defines the (local) stability boundary. In the locally stable region it must hold that
r{lz r\ »

Consequently, the trivial position of the non-rotating Tippe-Top is stablesif0, as expecteda(> 0 means that the center
of mass is located below the center of rotation). Following Magnus (1971), we study the stability of the Tippe-Top in the
(h/r, I3/17) plane (Fig. 11). We will only consider the strip<0I3/11 < 2. This strip is divided in four regions by

h
theline — =1,
r

on whicha =0, and

h I
the hyperbole — = 1
r I3

11

stable for w2 > w?
h/r

I inverted position
unstable

11
stable

trivial position
v
stable for w3 < w?

|
0 1 2

/1

Fig. 11. Stability diagram of the Tippe-Top (Magnus, 1971).
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e Regionl: 1 < h/r < I1/I3. Becauséh = —a + r > r it must hold thatz < 0. The left-hand side of (5.34) is negative while
the right-hand side is positive. The stationary point is therefore unstable for all valugs of

e Regionll: 1 < h/r; I1/I3 < h/r. The right-hand side of (5.34) is positive because 0. The stationary point is locally
asymptotically stable i3 > w? with

wl=— ame ~0. (5.35)
(r/m)I1(I3/11 —r/h)

The stationary point is unstabledf < o?.

e Region lll: 1 > h/r > I1/13. The right-hand side of (5.34) is negative because 0. The left-hand side of (5.34) is
non-negative for all values a@fy. The stationary point is always locally asymptotically stable {§g&- 0).

e RegionIV: 1 > h/r; I1/13 > h/r. The right-hand side of (5.34) is negative because0. The stationary point is locally
asymptotically stable if 6 0 < »? and unstable if»3 > w?. The stability regions together with the trivial and inverted
position of the Tippe-Top are depicted in Fig. 11.

A commercial Tippe-Top is designed such that the trivial position is located in region 1V, which can become unstable, and
the inverted position is located in region 1l and can be stable for large valugs ®he stability regions do not depend eand
do therefore not depend on the contact radtus 0, but the magnitude of the eigenvalues does dependamd R. However, if
the contact radius tends to zeRo| 0, then the value of becomes very large. Dividing the characteristic equation (5.3%) by
and neglecting terms/ gives the characteristic equation

(I +mh?)22 —i(I3+ mhr)woh + amg =0, (5.36)

which has the eigenvalues

=il 2+ BZ+C With A = I1 + mh2. B = (I3 + mhrwg, C = 537
—\24 442 A ) =11 +mh~, b=U3z+mhr)wg, C =amg. )

The eigenvalues (5.37) are for the trivial equilibrium= 0 and thereforeC > 0) always purely imaginary (non-hyperbolic
case). The real part of the eigenvalues will therefore be very small for small values of the contacRradius

Fig. 12 shows numerical simulations of the Tippe-Top for three values of the contact radius. Apparently, a smaller contact
radius causes a slower inversion of the Tippe-Top. This can be explained by the fact that decreasing the contact radius also
decreases the magnitude of the real part of the eigenvalues. This shows the importance of Coulomb—Contensou’s friction law
for the dynamics of the system.

Consider the case that only Coulomb friction is assumed, implying a zero contact radius. Furthermore, assume that the
Tippe-Top is initiated close to its trivial equilibrium and with a pure-rolling initial conditiér« 1 andy + = 0). If the friction
coefficientu is sufficiently large, then the Tippe-Top will perform a pendulum motion around the trivial equilibrium, purely
rolling over the floor, with a frequency given by (5.37). Additional dissipation due to air resistance will even damp out the
oscillation. The friction coefficient must be sufficiently large to prevent stick-slip transitions during the pure rolling oscillation.
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Fig. 12. Time-history of the inclination for different contact radii.
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The question arises whether the trivial equilibrium is locally stable under the assumption of Coulomb friction. A consideration
taking only the sticking (i.e., pure rolling) motion into account would indeed point in the direction of stability. However, if the
spinw is large enough, then there might exist slipping initial conditions arbitrary close to the trivial equilibrium for which the
motion diverges from the equilibrium leading to an inversion of the Tippe-Top. It can therefore not be concluded that the trivial
equilibrium is locally stable in the sense of Lyapunov. Still, the Tippe-Top would under the assumption of Coulomb friction not
invert at all if it was initiated with a pure rolling initial condition. Observations on the Tippe-Top, which show inversion of a
fastly spinning top for arbitrary initial conditions, indicate that Coulomb—Contensou friction is indeed relevant.

6. Conclusion

A set-valued force law to describe spatial Coulomb—Contensou friction was presented in this paper. The set-valued friction
law was formulated within the theory of non-smooth potentials and is able to describe the smooth nature of the friction forces
during slipping/spin as well as the set-valued nature of the friction forces during stick (no slipping, no spin). The friction
model, presented here, augments the existing set-valued law for spatial Coulomb friction by taking drilling friction and spin
into account (according to the law of Contensou). Other contact and friction effects, such as adhesion and rolling friction, might
be described within the same framework.

A higher-order Runge—Kutta time-stepping method was presented in this paper as an extension to the existing time-stepping
method of Moreau. The need for such a higher-order integration method became apparent during the numerical analysis of the
Tippe-Top. The Tippe-Top experiences almost no damping and exhibits high-frequency oscillation in the nutation. Numerical
simulation with the classical (low-order) time-stepping method yielded fastly diverging solutions, or a fast deadening of the
nutational oscillation if integrated with a fully implicit version of the classical time-stepping method. Reducing the step-size
led to different results as the divergence or deadening was weakened. The presented higher-order Runge—Kutta method gives
the correct result and converges for a reduction of the step-size. Further research will focus on establishing a fundamental
background for higher-order time-stepping methods within the framework of DAE-solvers and on the development of automatic
variable step-size schemes.

The algebraic inclusion, formed by the equation of motion and the set-valued contact laws, was numerically solved in this
paper by making use of the Augmented Lagrangian Method. The LCP or NCP formulation of the contact problem, formerly
used by the authors, was abandoned as it became fully impractical when applied to Coulomb—Contensou friction. A substantial
advantage of the Augmented Lagrangian approach is, that it solves the algebraic inclusion for arbitrary admissible sets of contact
forces (e.g., the sat ). Other contact laws, which might be even more exotic due to for instance anisotropy, can therefore still
be handled with the Augmented Lagrangian approach.

The importance of Coulomb—Contensou friction for the dynamics of mechanical systems was illustrated in this paper
by an analysis on the Tippe-Top. Industrial applications with fairly rigid contact between spinning objects, such as ball
bearings, grinding devices and drillstrings for oil-wells, motivate research on Coulomb—Contensou friction within a non-smooth
formalism.

Appendix A. Integral tables

Use has been made of the following integrals which can be found in Bronstein and Semendjajew (1984). The integrals
contain the expressioki = ax? + bx + ¢ with a < 0 andA = 4ac — b2 < 0.

[ aes (- )5 + i [ e =
/ﬁdx=2“’;a+bﬁ+§/%, (A2)

% =— \/i_aarcsinza\/x%b , (A.3)
/sinzx dr = %x - %sin 2, (A.4)

3 1 1
/sin4x dr = 2x — 7sin2c 4 S sin4r, (A.5)
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