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Abstract

The aim of this paper is to develop a set-valued contact law for combined spatial Coulomb–Contensou friction, tak
account a normal friction torque (drilling friction) and spin. The set-valued Coulomb–Contensou friction law is derive
a non-smooth velocity pseudo potential. A higher-order Runge–Kutta time-stepping method is presented for the n
simulation of rigid bodies with Coulomb–Contensou friction. The algebraic inclusion describing the contact problem is
with an Augmented Lagrangian approach. The theory and numerical methods are applied to the Tippe-Top. The an
numerical results on the Tippe-Top illustrate the importance of Coulomb–Contensou friction for the dynamics of syste
friction.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The aim of this paper is to develop a contact law for combined spatial Coulomb friction and normal friction
(drilling friction) as a function of sliding velocity and spin. We will call this extended contact law the Coulomb–Cont
friction law. Coulomb’s friction law was formulated as a set-valued force law by Moreau (1988) within a framewo
convex analysis. The formulation of frictional contact problems of mechanical rigid multi-body systems with set-
contact laws leads to a nonlinear algebraic inclusion, which is complicated to solve. The first (and often worst) m
to regularize the set-valued force laws and obtain a stiff problem with an inexact solution. Instead, one simply has t
the set-valued nature of the problem and deal with the nonlinear algebraic equation. For planar frictional contact p
and for frictionless spatial problems, the contact problem can conveniently be formulated as a Linear Complem
Problem (Murty, 1988). A linear complementarity formulation for planar rigid-body systems with Coulomb friction
presented in Glocker (1995) and applied to many practical problems (Leine et al., 2003; Pfeiffer and Glocker
Stiegelmeyr, 2001). Spatial frictional contact can be formulated as a Nonlinear Complementarity Problem (Glocke
2001; Stiegelmeyr, 2001), but this has a number of drawbacks. First of all, the numerical solution of the resulting type
is cumbersome. Secondly, the formulation of spatial anisotropic Coulomb friction or more elaborate friction models
Coulomb–Contensou friction is complicated and not suitable from a practical point of view. The present study formul
contact problem for Coulomb–Contensou friction by means of a non-smooth velocity pseudo potential and present
stepping method and an Augmented Lagrangian method for the numerical simulation of rigid bodies with Coulomb–Co
friction.

The set-valued force law for spatial Coulomb friction describes the friction forceλT of a single contact point with two
componentsλT = [λT 1 λT 2 ]T. The friction forceλT lies within a disk‖λT ‖ � µλN on the tangent plane of the conta
point, whereµ is the friction coefficient andλN is the normal force. The friction disk constitutes a friction cone in
(λT 1, λT 2, λN) space. The pair of contacting bodies are assumed to be rigid and impenetrable within the framework
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multi-body dynamics and the contact is therefore idealized to be a point. The contact point cannot transmit a friction torque and
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the influence of spin and drilling friction on the sliding frictionλT is therefore usually neglected. In reality, the stiff (but s
deformable) bodies deform and touch each other on a small contact surface, being more or less circular. The small def
of stiff bodies are negligible compared to the geometry of the bodies and the global rigid body motion they undergo,
to contacting areas which can influence the dynamics of the system. A contactsurface cannot only transmit a sliding forc
λT tangent to the contact surface, but also transmit a friction torqueτN normal to the contact surface. The effective radius
the contact surface is influenced by the normal contact forceλN , the elasticity of the contacting bodies, the surface rough
and the pressure distribution. The friction torqueτN is, in the absence of sliding and tangential contact force, more or
proportional to the normal contact force, the friction coefficient and the effective radius, i.e.,τN ∝ µλNReff. The influence of
the friction torque is in most applications neglected because the effective radius is very small in practice. If, however, a
is spinning fastly, then the influence of spin and drilling friction on the dynamics becomes large and can no longer be n

Contensou (1963) realized that drilling friction and especially spin are important for the dynamics of fastly spinnin
The drilling friction is obviously necessary to describe the gradual loss of energy of the top which brings it back to res
of interest is the influence of the spinning velocity on the sliding friction force. A fastly spinning top experiences ver
resistance in sliding direction and easily wanders over the floor. The same phenomenon occurs in an electric polishing
with turning brushes used to clean floors (Magnus, 1971). The machine is hard to move when the brushes are no
(Coulomb friction) but the machine can easily be pushed over the floor with rotating brushes. Contensou (1963) calcu
dependence of the sliding friction force on the sliding velocityv and spinω, and showed that the sliding friction force vanish
when the ratiov/(ωR) tends to zero. Furthermore, a stability analysis of a fastly spinning Fleuriais top (a marine nav
instrument) was presented in Contensou (1963). Later, Magnus used Contensou’s friction law to give an extensive stu
stability of the Tippe-Top (Magnus, 1971) (see also Kuypers, 1990). Contensou’s friction law and the stability of the Tip
were again studied by Friedl (1997), who also gave a Taylor series approximation of the dependence of the sliding frict
on the sliding velocity and spin. In Contensou’s original work (Contensou, 1963) the friction force was expressed in
integrals. Zhuravlev (1998) realized that the friction force for a parabolic pressure distribution can be conveniently exp
elementary functions if the integrals are evaluated in other coordinates. The elliptic integrals cannot be simplified to ele
functions if a uniform pressure distribution is assumed.

In this paper we will formulate Contensou’s spatial friction law in the framework of potential theory and subdiffere
much like the treatment of spatial Coulomb friction in Glocker (2001). We will set-up a non-smooth velocity pseudo p
and approximate it by means of Taylor series for a uniform pressure distribution (like has been done in Friedl, 19
subsequently derive the velocity pseudo potential for a parabolic pressure distribution expressed in elementary func
friction force and friction torque, as a function of sliding velocity and spin, can then be obtained by taking the subdiff
of the velocity pseudo potential. Subsequently, the dependence of the maximal friction torque on the friction force (
versa) will be studied during sticking (no sliding+ no spin). A tangential contact torqueτT (rolling friction) can arise if the
normal pressure distribution is non-symmetrical, but will not be taken into account in the present study. A time-stepping
based on an Augmented Lagrangian approach, will be presented for the numerical time-integration of systems with C
Contensou friction. Finally, the theory and numerical methods are applied to the Tippe-Top. The analysis and numeric
on the Tippe-Top illustrate the importance of Coulomb–Contensou friction for the dynamics of systems with friction.

2. Uniform pressure distribution

The friction force and torque are influenced by the distribution of the normal pressure over the contact surface. The
distribution depends on the geometry and elasticity properties of the contacting bodies. Local deformations and str
not modelled within a rigid multi-body approach. A pressure distribution has therefore to be assumed or to be estima
analytical methods from the undeformed geometry of the contacting bodies. Contact between locally spherical bod
two billiard balls) produces a parabolic pressure distribution according to the law of Hertz (under the assumption
elastic deformations and frictionless surfaces). Contact between locally flat bodies (e.g., the pressure disks of a clutch
a more or less uniform pressure distribution in the interior of the contact surface. A purely uniform pressure distribution
exist because the pressure falls to zero at the boundary of the contact surface. A pressure distribution in a practica
will neither be purely parabolic nor be uniform. Still, the pressure distribution can often well be modelled by a parabo
uniform distribution, depending on the geometry of the contacting bodies. A set-valued contact law for a contact surfa
uniform pressure distribution will be derived in this section, and for a parabolic pressure distribution in Section 3.

The coordinate system and geometry of the contact surface are defined in Subsection 2.1 and a non-smooth veloc
potential for a uniform pressure distribution is derived in Subsection 2.2. The force law is subsequently derived from the
pseudo potential in Subsection 2.3.
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Fig. 1. Coordinates at the contact surface.

2.1. The contact surface

Consider a contact surface (see Fig. 1), which is assumed to be circular with radiusR. The relative sliding velocity of the
contact is denoted byγ T and the spin byω. We introduce an orthonormal coordinate frame(e1, e2, e3), of which e1 ande2
span the contact tangent plane ande3 is the unit normal vector on the tangent plane. Without loss of generality we assum
e1 is located such thatγ T = ve1. The sliding velocity is therefore expressed by the scalar valuev, where|v| = ‖γ T ‖. The spin
ω is normal to the contact planeω = ωe3, i.e., |ω| = ‖ω‖. A surface element dA, at a distanceρ from the origin and an angl
ϕ from thee1 axis, has a sliding velocity ofw= (v−ωρ sinϕ)e1+ (ωρ cosϕ)e2. A normal forceσ dA is acting at the surfac
element. The normal contact force between the contacting bodies isλN =

�
σ dA.

2.2. Velocity potential with uniform pressure distribution

In this subsection we will derive a velocity pseudo potential, which serves as dissipation function for a contact surfac
uniform pressure distribution. The velocity pseudo potential is dependent on the normal contact force, which is in turn d
on the motion of the system. The velocitypseudo potential is therefore not a true potential. In the sequel, the word ‘pse
will be omitted for brevity. Coulomb’s law is assumed to hold on an arbitrary surface element dA with sliding velocityw.
The magnitude of the friction force on dA is according to Coulomb’s law dλT = µσ dAw/‖w‖. The velocity potential (or
dissipation function) for dA is dΦ =wT dλT = µσ‖w‖ dA. The velocity potential for the total contact surface is obtained
integrating over the contact surface

Φ(w, σ )=
∫∫
A

µσ‖w‖ dA. (2.1)

Substituting the normal stress for a uniform pressure distributionσ = λN/A in (2.1) and making use of the coordinate syst
(ρ,ϕ) gives the double integral

Φ(v,ω,λN )= µλN

πR2

R∫
0

2π∫
0

ρ

√
v2+ (ωρ)2− 2ωρv sinϕ dϕ dρ. (2.2)

We introduce the auxiliary variablesα andβ and the critical radiusR∗

α = v

ωρ
, β = 1

α
= ωρ

v
, R∗ =

∣∣∣∣ vω
∣∣∣∣. (2.3)
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If R∗ <R then the velocity potential (2.2) can be expressed by

the
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Φ(v,ω,λN )= µλN

πR2

( R∫
R∗

2π∫
0

|ω|ρ2
√
α2+ 1− 2α sinϕ dϕ dρ +

R∗∫
0

2π∫
0

|v|ρ
√
β2+ 1− 2β sinϕ dϕ dρ

)
, (2.4)

for which holds thatα < 1 in the first integral andα > 1, i.e.,β < 1, in the second integral. The square root terms in
integrands can therefore be approximated by Taylor series

2π∫
0

√
x2+ 1− 2x sinϕ dϕ = π

(
2+ 1

2
x2+ 1

32
x4+ 1

128
x6

)
+O

(
x8), x < 1. (2.5)

Using (2.5), the potentialΦ (2.4) can be approximated by

Φ(v,ω,λN ) ≈ µλN

R2

( R∫
R∗
|ω|ρ2

(
2+ 1

2
α2+ 1

32
α4+ 1

128
α6

)
dρ +

R∗∫
0

|v|ρ
(

2+ 1

2
β2+ 1

32
β4+ 1

128
β6

)
dρ

)

= µλN

R2

( R∫
R∗
|ω|

(
2ρ2+ 1

2

v2

ω2
+ 1

32

v4

ω4
1

ρ2
+ 1

128

v6

ω6
1

ρ4

)
dρ

+
R∗∫
0

|v|
(

2ρ + 1

2

ω2

v2
ρ3+ 1

32

ω4

v4
ρ5+ 1

128

ω6

v6
ρ7

)
dρ

)

= µλN

R2

(
|ω|

[
2

3
ρ3+ 1

2

v2

ω2
ρ − 1

32

v4

ω4

1

ρ
− 1

384

v6

ω6

1

ρ3

]R

R∗

+ |v|
[
ρ2+ 1

8

ω2

v2
ρ4+ 1

192

ω4

v4
ρ6+ 1

1024

ω6

v6
ρ8

]R∗
0

)
= µλN |ω|R

(
2

3
+ 1

2

v2

(ωR)2
− 1

32

v4

(ωR)4
− 1

384

v6

(ωR)6

)
−µλN

5

3072

v3

(ωR)2︸ ︷︷ ︸
↓0

. (2.6)

The last term, outside the brackets, is caused by the fact that the two double integrals in (2.4) do not match atρ = R∗ due to the
truncation of the Taylor series. This small term tends to zero if (2.5) is approximated with more terms and will be negl
the sequel. The velocity potentialΦ for R∗ >R, i.e.,|v|> |ω|R, is expressed by

Φ(v,ω,λN )= µλN

πR2

R∫
0

2π∫
0

|v|ρ
√
β2+ 1− 2β sinϕ dϕ dρ, (2.7)

for which holds thatα > 1, i.e.,β < 1, within the integrand. An approximation forΦ with R∗ > R can be found in a simila
fashion, which results in the velocity potential for arbitrary values ofR∗

Φ(v,ω,λN )=


µλN |ω|R

(
2

3
+ 1

2
u2− 1

32
u4− 1

384
u6+O

(
u8)), u � 1,

µλN |ω|R
(
u+ 1

8

1

u
+ 1

192

1

u3
+ 1

1024

1

u5
+O

(
1

u7

))
, u > 1,

(2.8)

or

Φ(v,ω,λN )=


µλN |v|

(
2

3

1

u
+ 1

2
u− 1

32
u3− 1

384
u5+O

(
u7)), u � 1,

µλN |v|
(

1+ 1

8

1

u2
+ 1

192

1

u4
+ 1

1024

1

u6
+O

(
1

u8

))
, u > 1,

(2.9)

whereu= |v|/(|ω|R)= R∗/R. Apparently, the velocity potentials for the purely sliding and purely rotating case are

Φω=0= µλN |v| = µλN‖γ T ‖, Φv=0= 2

3
µλN |ω|R, (2.10)
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(a) (b)

Fig. 2. The velocity potentialΦ as function ofv andωR. (a) Cone of the velocity potential. (b) Contour lines ofΦ/(µλN).

which are both non-smooth convex potentials. The velocity potentialΦ forms a cone as function ofv andωR, which shown in
Fig. 2. The contour lines of the cone are a form between an ellipse and a rectangle.

2.3. Contact laws for a uniform pressure distribution

The tangential frictionλT and the friction torqueτN can be derived from the velocity potential (2.8) (see Glocker, 2001
the subdifferential

−λT ∈ ∂γ T
Φ, −τN ∈ ∂ωΦ, (2.11)

or, by the chain rule

−λT ∈ ∂γ T
‖γ T ‖∇|v|Φ, −τN ∈ ∂ω|ω|∇|ω|Φ. (2.12)

Note that the velocity potential is a smooth function of|v| and |ω|. The force laws are set-valued at(v,ωR) = 0. Using (2.8)
and (2.9), we can approximate the force laws with Taylor series

−λT ∈


∂γ T
‖γ T ‖µλN

(
u− 1

8
u3− 1

64
u5+O

(
u7)), u � 1,

∂γ T
‖γ T ‖µλN

(
1− 1

8

1

u2
− 1

64

1

u4
− 5

1024

1

u6
+O

(
1

u8

))
, u > 1,

(2.13)

−τN ∈


∂ω|ω|µλNR

(
2

3
− 1

2
u2+ 3

32
u4+ 5

384
u6+O

(
u8)), u � 1,

∂ω|ω|µλNR

(
1

4

1

u
+ 1

48

1

u3
+ 3

512

1

u5
+O

(
1

u7

))
, u > 1.

(2.14)

Note that the series converge to the same value foru= 1 because23 − 1
2 + 3

32+ 5
384≈ 1

4 + 1
48+ 3

512.
The classical formulation of Coulomb’s friction law for spatial contact, without spin and friction torque, states that

of admissible tangential contact forces is the convex set

DT :=
{
λT | ‖λT ‖� µλN

}
, (2.15)

whereDT (λN) is addressed as thefriction disk and is a function of the normal forceλN (Fig. 3). The tangential contact law
for pure Coulomb friction given by

−γ T ∈NDT
(λT ), (2.16)

whereNDT
(λT ) is the normal cone toDT at λT . We will normalize the friction torqueτN with the constant contact radiusR

to a force and the angular spin velocityω to a velocity

λτ = τN

R
, γτ = ωR. (2.17)
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Fig. 3. Admissible tangential forces and normal torque. (a) Friction disk; admissible forces forλτ = 0. (b) Friction plate; admissible force an
torque.

Fig. 4. Friction ballBF .

We now extend the existing theory for spatial Coulomb friction to spatial Coulomb–Contensou friction taking into ac
nonzero friction torqueτN . The force laws (2.13) and (2.14) give the values ofλT andλτ as a function ofγ T andγτ and
implicitly define the set of admissible values ofλT andλτ . After eliminatingu from (2.13) and (2.14), one can obtain t
admissible setPF (λN ) of (‖λT ‖, λτ )

PF :=


{
‖λT ‖, λτ

∣∣∣ ξ = ‖λT ‖
µλN

,η= λτ

µλN
; 9

4
η2+ 3

2
ξ2− 15

32
ξ4− 5

128
ξ6+O

(
ξ8) � 1

}
, ξ � ξ∗,{

‖λT ‖, λτ
∣∣∣ ξ = ‖λT ‖

µλN
,η= λτ

µλN
; ξ2+ 4η2− 20

3
η4+ 40

9
η6+O

(
η8) � 1

}
, ξ > ξ∗,

(2.18)

with ξ∗ = 1− 1
8 − 1

64+ · · · . We will call PF (λN ) the friction plate. The friction platePF is shown in Fig. 3b (the border ha
been obtained numerically with the series of (2.18)). The admissible set of tangential friction forces and normal frictio
forms a squashed ballBF (λN) in the(λT 1, λT 2, λτ ) space,

BF :=


{
λT ,λτ

∣∣∣ ξ = ‖λT ‖
µλN

,η= λτ

µλN
; 9

4
η2+ 3

2
ξ2− 15

32
ξ4− 5

128
ξ6+O

(
ξ8) � 1

}
, ξ � ξ∗,{

λT ,λτ

∣∣∣ ξ = ‖λT ‖
µλN

,η= λτ

µλN
; ξ2+ 4η2− 20

3
η4+ 40

9
η6+O

(
η8) � 1

}
, ξ > ξ∗.

(2.19)

The squashed ballBF (Fig. 4) is axisymmetric around theλτ axis. The intersection ofBF with the(λT 1, λT 2) plane is formed
by the friction diskDT . Any intersection ofBF orthogonal toDT will give the friction platePF . The contact law for spatia
Coulomb–Contensou friction can now be expressed by means of the friction ball

−γ F ∈NBF
(λF ), (2.20)

with

γF =
[
γT 1
γT 2
γτ

]
, λF =

[
λT 1
λT 2
λτ

]
, (2.21)

whereNBF
(λF ) is the normal cone toBF (λN) atλF .
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The magnitude of the friction forceλT as a function ofu (2.13) is shown in Fig. 5(a) and the magnitude ofλτ as a function
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hed).
of 1/u (2.14) is shown in Fig. 5(b) (solid lines). The functions both start at the origin and have an asymptote at‖λT ‖ = µλN
and |λτ | = 2

3µλN respectively. The friction characteristicλT (v) for a fixed value ofγτ can be derived from (2.13) and
shown in Fig. 6(a) for different fixed values ofγτ . The curves forγτ > 0 are all single-valued functions ofv. Apparently,
a superimposed spinω on a sliding velocityv causes a smoothing effect of the friction characteristicλT (v). The friction
characteristic forγτ = 0 is (for λτ = 0) the classical set-valued friction characteristic of Coulomb. Similarly, the depend
of λτ onγτ , for different fixed values ofv, is shown in Fig. 6(b). The same smoothing effect occurs in theλτ (γτ ) relation ship
due to a superimposed velocityv > 0. Again, a set-valued relationship is obtained forv = 0, which corresponds (forλT = 0) to
the classical set-valued friction law of a purely rotational contact. The boundaries‖λT ‖ = µλN and|λτ | = 2

3µλN of the sets
for v = γτ = 0 are the extreme values of the friction ballBF (λN) along its principal axes. For the classical set-valued fric
characteristic of Coulomb (i.e., a purely translational contactλτ = 0, γτ = 0), the magnitude friction force‖λT ‖ rises up to the
valueµλN when the contact changes from a sticking state to sliding. This is in generalnot the case for Coulomb–Contenso
friction as soon as we have some rotation. A sticking contact obeying Coulomb–Contensou’s friction law will start slipp
‖λT ‖<µλN if λτ �= 0. The slip-criterion for Coulomb–Contensou friction is given by(λT ,λτ ) ∈ ∂BF (λN).

The set-valued force law presented in this section is able to describe the smooth characteristic of the friction fo
nonzero slip and spin velocity as well as the set-valued nature of friction forces when the contact sticks (v = 0, γτ = 0).
Moreover, the force law provides the correct slip-criterion when both applied forces and torques are present. C
Contensou’s force law reduces to the set-valued Coulomb’s law when the contact radius vanishes (R = 0).

(a) (b)

Fig. 5. Friction force and torque as a function ofu for a uniform pressure distribution (solid) and for a parabolic pressure distribution (das

(a) (b)

Fig. 6. Dependence of friction force and normalized torque onγτ andv for a uniform pressure distribution. (a)λT as function ofv for fixed
values ofγτ . (b) λτ as function ofγτ for fixed values ofv.



200 R.I. Leine, Ch. Glocker / European Journal of Mechanics A/Solids 22 (2003) 193–216

3. Parabolic pressure distribution
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In this section we will derive the contact laws and velocity potential for a Hertz contact with parabolic pressure dist
and constant contact radius. In the previous section we studied a contact with uniform pressure distribution by m
Taylor series. The velocity potential with a parabolic pressure distribution, however, can be expressed in elementary
(Zhuravlev, 1998). Hereto, we introduce the coordinatesr andθ , which are polar coordinates around the poleR∗e2 (see Fig. 1).
The relation between the coordinates(r, θ) and(ρ,ϕ) is given by

ρ cosϕ = r sinθ, ρ sinϕ + r cosθ = R∗ =
∣∣∣∣ vω

∣∣∣∣. (3.1)

We will assume a circular contact surface with radiusR. The contact radiusR is for a Hertz contact (Johnson, 1985) a funct
of the normal loadλN

R(λN)=
(

3$∗λN
4E∗

)1/3
, (3.2)

where 1/$∗ = 1/$1+ 1/$2 is the relative curvature andE∗ is the effective elasticity modulus

1

E∗ =
1− ν2

1
E1

+ 1− ν2
2

E2
, (3.3)

with $i , Ei , νi being the radii, elasticity moduli and Poisson constants of the contacting bodies. However, the theoretica
radius according to Hertz is for relatively hard bodies extremely small. Instead, we will assume that the radius of the
surface is determined by the surface roughness and meso-scopic non-convexity of the contacting bodies, which is for h
more realistic. The contact radius is therefore assumed to be constant, i.e.,R = R0. The Hertz normal pressure distribution
given by the parabolic function

σ = 3λN
2πR2

√
1− ρ2

R2
= 3λN

2πR2

√
−q2+ 2qucosθ + 1− u2, (3.4)

with u= R∗/R andq = r/R. The magnitude of the velocityw simplifies in(r, θ) coordinates to

‖w‖ =
√
(v − ωρ sinϕ)2+ (ωρ cosϕ)2= |ωr|. (3.5)

3.1. Velocity potential with parabolic pressure distribution

The velocity potentialΦ(v,ω,λN ) defined by (2.1) is now expressed as a double integral in the coordinates(r, θ)

Φ(v,ω,λN )=



π∫
0

r+∫
r−

µσ‖w‖r dr dθ, u � 1,

2

θ∗∫
0

r+∫
r−

µσ‖w‖r dr dθ, u > 1.

(3.6)

Substitution of (3.4) in (3.6) and making use of the normalized radiusq = r/R gives

Φ(v,ω,λN )=



3µλN

2πR2
|ω|

π∫
0

r+∫
r−

σr2 dr dθ = 3µλN

2π
R|ω|

π∫
0

Q2 dθ, u � 1,

3µλN

πR2
|ω|

θ∗∫
0

r+∫
r−

σr2 dr dθ = 3µλN

π
R|ω|

θ∗∫
0

Q2 dθ, u > 1,

(3.7)

with

Q2=
q+∫

q−

√
−q2+ 2qucosθ + 1− u2 q2 dq, (3.8)
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and the integration limits

a

rom the
r± = r cosθ ±
√
R∗2− r2 sin2 θ, (3.9)

q± = ucosθ ±
√

1− u2 sin2 θ. (3.10)

First, the integralQ2=
∫ q+
q− q2

√
aq2+ bq + c dq is evaluated witha =−1, b = 2ucosθ , c= 1− u2, ∆=−4(1− u2 sin2 θ)

by making use of (A.1), (A.2) and (A.3) (see Appendix A)

Q2 = −5b2− 4ac

16a2
∆

8a

1√−a
[
arcsin

(
2aq + b√−∆

)]q+
q−

= (5b2+ 4c)∆

128

[
arcsin

(−2q + b√−∆
)]q+

q−

= − (4u2− 5u2 sin2 θ + 1)(1− u2 sin2 θ)

8

[
arcsin

( −q + ucosθ√
1− u2 sin2 θ

)]q+

q−

= π

8

(
5u4 sin4 θ − (

4u4+ 6u2)sin2 θ + 1+ 4u2). (3.11)

Subsequently, the integral (3.7) can be evaluated using (A.4) and (A.5). Foru � 1 we obtain

Φ(v,ω,λN ) = 3µλN

16
R|ω|

π∫
0

(
5u4 sin4 θ − (

4u4+ 6u2)sin2 θ + 1+ 4u2) dθ

= 3µλN

16
R|ω|π

(
−1

8
u4+ u2+ 1

)
, (3.12)

and foru > 1

Φ(v,ω,λN ) = 3µλN

8
R|ω|

θ∗∫
0

(
5u4 sin4 θ − (

4u4+ 6u2)sin2 θ + 1+ 4u2) dθ

= 3µλN

8
R|ω|

(
5u4

(
3

8
θ∗ − 1

4
sin2θ∗ + 1

32
sin 4θ∗

)
− (

4u4+ 6u2)(1

2
θ∗ − 1

4
sin2θ∗

)
+ (

1+ 4u2)θ∗)
= 3µλN

8
R|ω|

((
−1

8
u4+ u2+ 1

)
θ∗ +

(
−1

4
u4+ 3

2
u2

)
sin 2θ∗ + 5

32
u4 sin4θ∗

)
= 3µλN

8
R|ω|

((
−1

8
u4+ u2+ 1

)
θ∗ +

(
1

8
u2+ 7

4

)√
u2− 1

)
, (3.13)

with sinθ∗ = 1/u, sin 2θ∗ = (2/u2)
√
u2− 1, sin 4θ∗ = (4/u2)(1− 2/u2)

√
u2− 1. Summarizing, the velocity potential for

parabolic pressure distribution reads as

Φ(v,ω,λN )=


3µλN

128
R|ω|π(−u4+ 8u2+ 8

)
, u � 1,

3µλN

64
R|ω|

((−u4+ 8u2+ 8
)
arcsin

1

u
+ (

u2+ 14
)√

u2− 1

)
, u > 1,

(3.14)

whereu= u(v,ω) andR is constant.

3.2. Contact laws for a parabolic pressure distribution

The set-valued force laws for Coulomb–Contensou friction with a parabolic pressure distribution can be derived f
velocity potential (3.14) similar to the discussion of the uniform pressure distribution. The friction torqueτN will again be
normalized with the constant contact radiusR to a force and the angular spin velocityω to a velocity

λτ = τN

R
, γτ = ωR. (3.15)
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The velocity potential (3.14) can be expressed in terms ofΦ(v,ω,λN ) as well as in terms ofΦ(γ T , γτ , λN ). Using the

e

f

ball

ontensou

laws for
tion and
e

e main
the time-
er, 1996;

tion. The
nonlinear)
definitions of the set-valued force laws

−λT ∈ ∂γ T
‖γ T ‖∇|v|Φ, −λτ ∈ ∂γτ |γτ |∇|γτ |Φ (3.16)

and the velocity potential (3.14), we can derive the force laws

−λT ∈


∂γ T
‖γ T ‖

3µλN

32
πu

(−u2+ 4
)
, u � 1,

∂γ T
‖γ T ‖

3µλN

16

1

u

(
u2(4− u2)arcsin

(
1

u

)
+ (

u2+ 2
)√

u2− 1

)
, u > 1,

(3.17)

−λτ ∈


∂γτ |γτ |

3µλN

128
π
(
3u4− 8u2+ 8

)
, u � 1,

∂γτ |γτ |
3µλN

64

((
3u4− 8u2+ 8

)
arcsin

(
1

u

)
+ (−3u2+ 6

)√
u2− 1

)
, u > 1.

(3.18)

The magnitude of the friction forceλT and as a function ofu (3.17) andλτ as a function of 1/u (3.18) for a parabolic pressur
distribution is shown in Fig. 5 (dashed lines). The force laws (3.17) and (3.18) give the values ofλT andλτ as a function ofγ T

andγτ and implicitly define the set of admissible values ofλT andλτ . The friction platePF (λN ), being the admissible set o
(‖λT ‖, λτ ), can be obtained after eliminatingu from (3.17) and (3.18)

PF :=


{
‖λT ‖, λτ

∣∣∣∣ 9

64

(
η

η∗
)2
+ 9

8

(
ξ

ξ∗
)2
− 243

1024

(
ξ

ξ∗
)4
− 9

32768

(
ξ

ξ∗
)6
+O

((
ξ

ξ∗
)8)

� 1

}
, ξ � ξ∗,{

‖λT ‖, λτ
∣∣∣∣ ξ2+ 5η2− 75

7
η4+ 1250

147
η6+O

(
η8) � 1

}
, ξ > ξ∗,

(3.19)

with

ξ = ‖λT ‖
µλN

, η= λτ

µλN
, (3.20)

andξ∗ = 9
32π , η∗ = 9

128π . The admissible set of tangential friction forces and normal friction torque forms the friction
BF (λN) in the(λT 1, λT 2, λτ ) space,

BF :=


{
λT ,λτ

∣∣∣∣ 9

64

(
η

η∗
)2
+ 9

8

(
ξ

ξ∗
)2
− 243

1024

(
ξ

ξ∗
)4
− 9

32768

(
ξ

ξ∗
)6
+O

((
ξ

ξ∗
)8)

� 1
}
, ξ � ξ∗,{

λT ,λτ

∣∣∣∣ ξ2+ 5η2− 75

7
η4+ 1250

147
η6+O

(
η8) � 1

}
, ξ > ξ∗.

(3.21)

Similar to the discussion of the uniform pressure distribution, one can express the contact law for spatial Coulomb–C
friction with parabolic pressure distribution by means of the friction ball

−γ F ∈NBF
(λF ), (3.22)

with (2.21) whereNBF
(λF ) is the normal cone toBF (λN) atλF .

The force laws and velocity potential for a parabolic pressure distribution were derived in this section. The force
a parabolic pressure distribution appear to be qualitatively similar to the force laws for a uniform pressure distribu
differ maximally about 20 percent in magnitude (see Fig. 5). The friction platePF and friction ballBF for a parabolic pressur
distribution (not depicted) are therefore very similar in shape to the sets shown in Figs. 3 and 4.

4. Multibody formulation of systems with Coulomb–Contensou friction

In this section the numerical simulation of multibody system with Coulomb–Contensou friction will be discussed. Th
rigid-body integration techniques for systems with unilateral constraints are the event-driven integration method and
stepping method (Anitescu and Potra, 1997; Brogliato, 1999; Glocker, 1995, 1998; Moreau, 1988; Pfeiffer and Glock
Stewart and Trinkle, 1996; Stiegelmeyr, 2001).

The event-driven integration method uses a standard ODE solver for integration in smooth phases of the mo
constraints are expressed on acceleration level and integration is stopped when an event occurs. Usually a Linear (or
Complementarity Problem is solved to determine the next hybrid mode after the event.
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Time-stepping methods are based on using a time-discretization of generalized positionsq and velocitiesu, usually with
. The time-
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e place
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a fixed step-size. Integrals of forces over each time-step are used instead of the instantaneous values of the forces
stepping method makes no distinction between impulsive forces (due to impacts) and finite forces. Only incremen
positions and velocities are computed. The accelerationu̇ is not computed by the algorithm, as it becomes infinite for impuls
forces. The positions and velocities at the end of the time-step are found by solving an algebraic inclusion which desc
contact problem (for instance by formulating it as a (Non)linear Complementarity Problem). Multiple events might tak
during one time-step, and the algorithm computes the overall integral of the forces over this time-step, which is finite. T
stepping method is especially useful when one is interested in the global motion of systems with many contact points, l
a large number of events. Each individual event is for those applications not of importance but the global motion is de
by the sum of all events. The benefit of time-stepping methods over event-driven integration methods is the fact th
less) event-detection and index sets are needed. This makes the algorithm less complex, more robust and will give a
in computation time when many contacts are involved. A second advantage of the time-stepping method is its cap
pass accumulation points of impacts. A notable disadvantage of the time-stepping method is its low-order accuracy.
stepping method was introduced by Moreau (1988) and has been subsequently developed in Anitescu and Potra (199
and Trinkle (1996), Stiegelmeyr (2001).

The event-driven integration method and the time-stepping method have been applied to mechanical systems withCoulomb
friction. In this section we will describe the time-stepping method of Moreau (1988) and combine it with the Augm
Lagrangian Method (Alart and Curnier, 1991; Simo and Laursen, 1992; Laursen and Simo, 1993) in order to solve theCoulomb–
Contensou contact problem. Furthermore, we will extend the time-stepping method of Moreau to a fourth-order Runge
time-stepping method. A brief discussion of the Augmented Lagrangian will be given first.

4.1. Augmented Lagrangian Method

The dynamics of a multibody system during an impact free part of the motion can be expressed by the equation o
on acceleration level (Pfeiffer and Glocker, 1996)

M(t,q)u̇− h(t,q,u)−WN(t,q)λN −WF (t,q)λF = 0, (4.1)

with the set-valued force laws

−gN ∈NCN
(λN), −γ F ∈NBF (λN )(λF ), (4.2)

whereM is the symmetric mass matrix,q the vector with generalized coordinates,u= q̇ is the vector with generalized velocitie
andh is the vector with all smooth elastic, gyroscopic and dissipating generalized forces. The normal contact force of ci

is denoted byλNi and the vector of generalized friction forces byλF i . The vectorswNi andwF i are the generalized norm
and sliding force directions of contacti and constitute the matricesWN = {wNi } andWF = {wF i}. The dual variables to th
normal contact forcesλN are the variations of the normal gap distancesgN and the dual variables to the generalized frict
forcesλF are the variations of the generalized sliding velocitiesγ F .

The usual equation of motion, which relates acceleration to forces, is not suited to describe motion with impact. We
the equation of motion on acceleration level by an equality of measures (Glocker, 2001; Moreau, 1988)

M du− h dt −WN dΛN −WF dΛF = 0, (4.3)

or more briefly as

M du− h dt −W dΛ= 0, (4.4)

where the dependence of the system matrices ont,q and q̇ has been omitted for brevity. We denote with dt the Lebesgue
measure and with dη the sum of the dirac pulses at the impact times. The measure for the velocities du= u̇ dt + (u+ −u−)dη
is split in a Lebesgue-measurable part and an atomic part. The atomic part consists of the left and right limit ofu at t . For
impact free motion it holds that du= u̇ dt . Similarly, the measure for the impulses is defined as dΛ= λdt +Λdη.

The constraints on velocity level can be expressed in the left and right limits ofu

γ+ =WTu+ + w̃, γ− =WTu− + w̃. (4.5)

For impact free motion it holds thatγ = γ+ = γ−.
At this point we discretize the measure differential equation by integrating over a small but finite time interval0t∫

0t

du=0u,

∫
0t

hdt =0h≈ h0t,

∫
0t

dΛ=Λ, (4.6)
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and we obtain the equation of motion in differences

e
s by
uently be
. The

91)

ke
penalty
M0u− h0t −WNΛN −WF ΛF = 0. (4.7)

The force laws for completely inelastic contact with friction can be put in the form

−ΛN ∈ ∂ΨR+
(
γ+
N

)
, −ΛF ∈ ∂Φ

(
γ+
F

)
, (4.8)

whereΨR+ is the indicator function of convex analysis onR
+ with

γ+
N
=WT

N(u− +0u)+ w̃N, γ+
F
=WT

F (u− +0u)+ w̃F . (4.9)

In each incremental step, say time-step, we have to solve0u and (ΛN,ΛF ) from the equation of motion (4.7) and th
force laws (4.8), which forms a set of algebraicinclusions. An elegant way to solve such a set of algebraic inclusions i
transforming the problem to a constrained optimization problem. The constrained optimization problem can subseq
transformed to anunconstrained mini-max problem by making use of the Augmented Lagrangian (Rockafellar, 1976)
solution to the algebraic inclusion then corresponds to a saddle-point of the Augmented Lagrangian.

The (quasi) Augmented Lagrangian for a frictional contact problem can be expressed as (see Alart and Curnier, 19

LA(0u,ΛN,ΛF ) = 1

2

∥∥0u−M−1h0t
∥∥2
M − γ T

N(0u)ΛN − γ T
F (0u)ΛF

+ r

2

∥∥γN(0u)
∥∥2− 1

2r
dist2CN

(
ΛN − rγN(0u)

)
+ r

2

∥∥γ F (0u)
∥∥2− 1

2r
dist2BF

(
ΛF − rγ F (0u)

)
, (4.10)

whereBF is dependent on the normal force1 andr > 0. The Augmented LagrangianLA is dependent on a parameterr > 0,
which (loosely speaking) controls the steepness ofLA in the region where the LagrangianL,

L(0u,ΛN,ΛF )= 1

2

∥∥0u−M−1h0t
∥∥2
M − γ T

N(0u)ΛN − γ T
F (0u)ΛF , (4.11)

is constrained as well as an additional penalty term in the direction0u. The value ofr should be taken large enough to ma
the problem well conditioned in the constrained region, but not too high in order to prevent ill-conditioning due to the
term r

2‖γ (0u)‖2.
We will make use of the following properties of distances and proximal points on a convex setC

proxC(x)= argmin
∀x∗∈C

‖x − x∗‖, distC(x)= ∥∥x − proxC(x)
∥∥, (4.12)

∇ 1

2
dist2C(x)= x − proxC(x), (4.13)

f (x)=−xTy + 1

2
‖x‖2− 1

2
dist2C(y − x)�⇒∇f (x)=−y + x + [

y − x − proxC(y − x)
]=−proxC(y − x).

(4.14)

Evaluating the stationarity conditions of the saddle-point ofLA gives the equations

∇0uLA(0u,ΛN,ΛF )=M0u− h0t −WNΠN(ΛN,γN)−WFΠF (ΛN,ΛF ,γ F )= 0,

∇ΛN
LA(0u,ΛN,ΛF )=−1

r

(
ΛN −ΠN(ΛN,γN)

)= 0,

∇ΛF
LA(0u,ΛN,ΛF )=−1

r

(
ΛF −ΠF (ΛN,ΛF ,γF )

)= 0, (4.15)

where use has been made of (4.12)–(4.14) and the abbreviations

ΠN(ΛN,γN)= proxCN
(ΛN − rγN),

ΠF (ΛN,ΛF ,γ F )= proxBF (ΛN )(ΛF − rγF ). (4.16)

Note thatγN = γN(0u) andγ F = γ F (0u). We therefore obtain the set of algebraic equations

1 To be more precise, it holds thatBF = BF (prox
R+ (ΛN − rγN(0u)), see Alart and Curnier (1991).



R.I. Leine, Ch. Glocker / European Journal of Mechanics A/Solids 22 (2003) 193–216 205

M0u− h0t −WNΠN(ΛN,γN)−WFΠF (ΛN,ΛF ,γ F )= 0,
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ΛN =ΠN(ΛN,γN),

ΛF =ΠF (ΛN,ΛF ,γ F ). (4.17)

The saddle point of the Augmented Lagrangian, being the solution to the set of algebraic equations, can be foun
Modified Newton algorithm (Alart and Curnier, 1991). More elaborate methods also exist but we will discuss the M
Newton Method because of its simplicity.

The Modified Newton Method uses initial guesses for the impulses,Λk
N

andΛk
F

for k = 1, and iterates the scheme

1. Solve0uk+1 from M0uk+1= h0t +WNΛk
N +WF Λk

F .

2. ProjectΛk+1
N
= ΠN(Λk

N
,γ k+1

N
), Λk+1

F
= ΠF (Λk+1

N
,Λk

F
,γ k+1

F
) with γ k+1

N
= WT

N
(0uk+1 + uk) + wN , γ k+1

F
=

WT
F (0uk+1+ uk)+wF

until the error‖Λk+1
N
−Λk

N
‖ + ‖Λk+1

F
−Λk

F
‖ is within some tolerance.

4.2. Time-stepping method

In the sequel of this section we will present time-stepping methods, which use the Augmented Lagrangian Method
the contact problem. We first discuss the time-stepping method of Moreau, which is basically a special kind of midpo
solver. Consider the positionsqA and velocitiesuA to be known at the beginning of the time-step at timetA. The algorithm
takes first a half time-step for the positions and arrives at the midpointqM = qA+ 1

20tuA. The midpoint is used to classify th
status of the normal constraints, which allows for an index reduction. The contact setIN = {i | gNi(tM,qM) � 0} is calculated
at the midpoint and used to set-up the contact problem on velocity level for both the normal and tangential constraints
IN contains all indices of the closed contact points. A corresponding setIF is derived fromIN , containing all indices of friction
forces which participate in the contact. The velocityuE , at the end of time-steptE = tA +0t , is subsequently calculated by
trapezoidal scheme

MM(uE − uA)= hM0t +WNMΛN +WFMΛF , (4.18)

and the set-valued force laws

−ΛN ∈ ∂ΨR+
(
γ+N

)
, −ΛF ∈ ∂Φ

(
γ+F

)
, (4.19)

whereMM , hM , WNM andWFM are the system matrices evaluated at the midpoint. This set of algebraic inclusions
solved using an Augmented Lagrangian approach together with a Modified Newton Method. Finally, the positions at th
the time-step are calculatedqE = qM + 1

20tuE . The algorithm is summarized in Table 1, which shows how the Augme
Lagrangian Method is combined with the time-stepping method. The algorithm is implemented such that the calculated
ΛN andΛF are used as initial guesses for the Augmented Lagrangian calculation in the next time-step.

The time-stepping method of Moreau is very elegant due to its simplicity but suffers from the fact that it is at best a
order method. Mechanical systems can exhibit high frequency oscillations during smooth parts of the motion, which
a higher-order integration scheme. We will present a four-stage Runge–Kutta method based on the time-stepping m
Moreau. The four-stage Runge–Kutta method achieves a fourth-order accuracy during smooth parts of the motion
order accuracy if an impact is encountered during the time-step. The basic construction scheme of a Runge–Kutta me
differential equatioṅx = f (t, x) is

X1= xn,

Xi = xn +0t

i−1∑
j=1

aij f (tn + cj0t,Xj ), i = 2, . . . , s,

xn+1= xn +0t

s∑
i=1

bif (tn + ci0t,Xi) (4.20)
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Table 1
Moreau’s time-stepping method with an Augmented Lagrangian approach

measure
s because
are able
he
method of
stepping
algorithm
ethod of
unge–
(Hairer
function [t,q,u] = TimeSteppingMethodMoreau(t0, tend,q0,u0,N, tol)

0t = tend−t0
N−1 Initialize

t1 = t0, q1 = q0, u1= u0

ΛN = 0, ΛF = 0

for j = 1 to N Do all time-steps

tA = tj , qA = qj , uA = uj

tM = tA + 1
20t, qM = qA + 1

20tuA Do half a time-step

MM =M(tM ,qM), hM = h(tM ,qM,uA)

IN = {i | gNi(tM ,qM) � 0}
IF = {l | l = 2i − 1, i ∈ IN } ∪ {l | l = 2i, i ∈ IN } ∪ {l | l = i + 2nC, i ∈ IN }
WNM = {wi

N
(tM ,qM)}, w̃NM = {w̃i

N
(tM ,qM)}, i ∈ IN

WFM = {wi
F
(tM ,qM)}, w̃FM = {w̃i

F
(tM ,qM)}, i ∈ IF

k = 1, converged= false, Λk
N
=ΛN(IN ), Λk

F
=ΛF (IF )

while converged= false Augmented Lagrangian Method

uE = uA +M−1
M (hM0t +WNMΛk

N +WFMΛk
F )

qE = qM + 1
20tuE

γNE =WT
NMuE + w̃NM, γFE =WT

FMuE + w̃FM

Λk+1
N
=ΠN(Λk

N
,γNE), Λk+1

F
=ΠF (Λk+1

N
,Λk

F
,γFE)

error= ‖Λk+1
N −Λk

N‖ + ‖Λk+1
F −Λk

F ‖
converged= (error< tol)

k = k+ 1

end

tE = tM + 1
20t Do the second half time-step

tj+1 = tE, qj+1= qE, uj+1= uE

ΛN(IN )=Λk
N , ΛF (IF )=Λk

F

end

end

with the Butcher array for the four-stage method (s = 4)

0
1
2

1
2

1
2 0 1

2
1 0 0 1

1
6

1
3

1
3

1
6

or
c A

bT .

The above scheme is a fourth-order integration method for ordinary differential equations, which can be adapted to
differential equations. For a mechanical system with impacts, one cannot determine accelerations nor contact force
they are not functions of bounded variation if an impact occurs. Still, for a discretized measure differential equation we
to define an average acceleration per time-stepaj = (uj − uj−1)/0t , which will be denoted by ‘pseudo-acceleration’. T
average acceleration, taking into account the set-valued behaviour of the contact forces, can be computed with the
Moreau. A Runge–Kutta method for systems with impact and friction can therefore be formulated, which uses the time-
method of Moreau to compute pseudo-accelerations at every stage of the scheme. The Runge–Kutta time-stepping
is summarized in Table 2, which shows how the classical Runge–Kutta method is combined with the time-stepping m
Moreau. The method uses a time-step0t2 = 0t/4 for the determination of the pseudo-accelerations. The presented R
Kutta time-stepping method is closely related to half-explicit Runge–Kutta methods for differential algebraic equations
and Wanner, 2002).
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Table 2
Runge–Kutta 4 time-stepping method

Runge–
dy with
e with
function [t,q,u] = TimeSteppingMethodRK4(t0, tend,q0,u0,N, tol)

c= [0 1
2

1
2 1]

0t = tend−t0
N−1 , 0t2 =0t/4 Initialize

t1= t0, q1= q0, u1= u0

ΛN = 0, ΛF = 0

for j = 1 to N Do all time-steps

[a1,ΛN,ΛF ] = ComputeStage(tj ,qj ,uj ,ΛN,ΛF ,0t2, tol)

u1= uj

for m= 2 to 4 Do all stages

tm = tj + cm0t

qm = qj + cm0tum−1

um = uj + cm0tam−1

[am,ΛN,ΛF ] = ComputeStage(tm,qm,um,ΛN,ΛF ,0t2, tol)

end

tj+1 = tj +0t

qj+1= qj + ( 1
6u1+ 1

3u2+ 1
3u3+ 1

6u4)0t

uj+1= uj + ( 1
6a1+ 1

3a2+ 1
3a3+ 1

6a4)0t

end

end

function [am,ΛN,ΛF ] =ComputeStage(tm,qm,um,ΛN,ΛF ,0t2, tol)

tA = tm, qA = qm, uA = um

tM = tA + 1
20t2, qM = qA + 1

20t2uA Do half a time-step

MM =M(tM ,qM), hM = h(tM ,qM,uA)

IN = {i | gNi(tM ,qM) � 0}
IF = {l | l = 2i − 1, i ∈ IN } ∪ {l | l = 2i, i ∈ IN } ∪ {l | l = i + 2nC, i ∈ IN }
WNM = {wi

N
(tM ,qM)}, w̃NM = {w̃i

N
(tM ,qM)}, i ∈ IN

WFM = {wi
F
(tM ,qM)}, w̃FM = {w̃i

F
(tM ,qM)}, i ∈ IF

k = 1, converged= false, Λk
N =ΛN(IN ), Λk

F =ΛF (IF )

while converged= false Augmented Lagrangian Method

uE = uA +M−1
M (hM0t2+WNMΛk

N +WFMΛk
F )

qE = qM + 1
20t2uE

γNE =WT
NM

uE + w̃NM, γFE =WT
FM

uE + w̃FM

Λk+1
N =ΠN(Λk

N ,γNE), Λk+1
F =ΠF (Λk+1

N ,Λk
F ,γ FE)

error= ‖Λk+1
N
−Λk

N
‖ + ‖Λk+1

F
−Λk

F
‖

converged= (error< tol)

k = k + 1

end

am = (uE − uA)/0t2

ΛN(IN )=Λk
N , ΛF (IF )=Λk

F

end

5. The Tippe-Top

In this section we will present a rigid-body model of the Tippe-Top and present numerical results using the
Kutta time-stepping method and Coulomb–Contensou’s friction law. The Tippe-Top (Fig. 7) consists of a spherical bo
geometric centerM , radiusr1, and a stick attached on top of the body. The stick is rounded at the tip with a hemispher
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Fig. 7. Geometry of the Tippe-Top. Fig. 8. The Euler angles of the Tippe-Top.

geometric centerN and radiusr2. The toy is axisymmetric around the axisMN . The center of mass of the top isS, which lies
at a distancea1 belowM and at a distancea2 from N .

5.1. Coordinate systems

The e1 = [e1
1, e

1
2, e

1
3 ]T coordinate frame is the orthonormal absolute coordinate frame fixed to the world wheree1

3 points

in the vertical direction. The framee4 = [e4
1 e4

2 e4
3 ]T is fixed to the body withe4

3 along the axis of symmetry. The fram

e4 results from the framee1 after a sequence of three elementary rotationse2 = A21e1, e3 = A32e2, e4 = A43e3, wheree2

ande3 are intermediate frames. The total directional cosine matrix is composed by multiplication of the cosine matrice
elementary rotationse4=A41e1 with A41=A43A32A21. We will describe the rotation of the top in Euler angles.

The Euler angles areθ (nutation),ϕ (precession) andψ (spin angle), see Fig. 8. The sequence of rotations consists
rotationϕ arounde1

3, then a rotationθ arounde2
1 and finally a rotationψ arounde3

3. The resulting total directional cosin

matrix for Euler angles becomesA41=A43(ψ)A32(θ)A21(ϕ) with

A43(ψ)=
[ cosψ sinψ 0
−sinψ cosψ 0

0 0 1

]
, A32(θ)=

[1 0 0
0 cosθ sinθ
0 −sinθ cosθ

]
, A21(ϕ)=

[ cosϕ sinϕ 0
−sinϕ cosϕ 0

0 0 1

]
. (5.1)

The vector of Poisson of the top can expressed in the Euler angles

ω = ϕ̇e1
3+ θ̇e2

1+ ψ̇e3
3= e1T

[ 0
0
ϕ̇

]
+ e2T

[
θ̇

0
0

]
+ e3T

[ 0
0
ψ̇

]

= e1T
[ 0

0
ϕ̇

]
+ e1T

A12

[
θ̇

0
0

]
+ e1T

A13

[ 0
0
ψ̇

]
= ω1

1e1
1+ ω1

2e1
2+ ω1

3e1
3

= e4T
A41

[ 0
0
ϕ̇

]
+ e4T

A42

[
θ̇

0
0

]
+ e4T

A43

[ 0
0
ψ̇

]
= ω4

1e4
1+ ω4

2e4
2+ ω4

3e4
3, (5.2)

with 
ω1

1

ω1
2

ω1
3

=
 θ̇ cosϕ + ψ̇ sinϕ sinθ

θ̇ sinϕ − ψ̇ cosϕ sinθ

ϕ̇ + ψ̇ cosθ

 ,


ω4

1

ω4
2

ω4
3

=
 ϕ̇ sinθ sinψ + θ̇ cosψ

ϕ̇ sinθ cosψ − θ̇ sinψ

ψ̇ + ϕ̇ cosθ

 . (5.3)

5.2. Equations of motion in Euler angles

As generalized coordinates for the top we choose the positionsxS , yS andzS along the axese1
1, e1

2, e1
3 to describe the

translational motion of the center of massS and the Euler anglesθ , ϕ andψ to describe the rotational motion:

q = [xS yS zS θ ϕ ψ ]T. (5.4)
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The kinetic energyT can be expressed in the generalized coordinates

r. Contact
p, being
T = 1

2
m
(
ẋ2
S + ẏ2

S + ż2
S

)+ 1

2
I1

(
ω4

1
)2+ 1

2
I2

(
ω4

2
)2+ 1

2
I3

(
ω4

3
)2

= 1

2
m
(
ẋ2
S + ẏ2

S + ż2
S

)+ 1

2
I1

(
ϕ̇2 sin2 θ + θ̇2)+ 1

2
I3

(
ψ̇ + ϕ̇ cosθ

)2
, (5.5)

with I1= I2 due to axisymmetry. The potential energyV is purely due to gravity

V =mgzS. (5.6)

The Lagrange’s equation of motion for the unconstrained undamped motion is

d

dt
T,q̇ − T,q + V,q = 0, (5.7)

which yields

mẍS = 0, mÿS = 0, mz̈S +mg = 0,

I1θ̈ − (I1− I3)ϕ̇
2 sinθ cosθ + I3ψ̇ϕ̇ sinθ = 0,(

I1 sin2 θ + I3 cos2 θ
)
ϕ̈ + I3ψ̈ cosθ + 2(I1− I3)ϕ̇θ̇ sinθ cosθ − I3ψ̇ θ̇ sinθ = 0,

I3(ψ̈ + ϕ̈ cosθ − ϕ̇θ̇ sinθ)= 0.

(5.8)

The equations of motion can be put in the formM(q)q̈ −h(q, q̇)= 0, whereM is the mass matrix andh is a vector containing
gyroscopical and gravitational forces with

M =


m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 I1 0 0
0 0 0 0 I1 sin2 θ + I3 cos2 θ I3 cosθ
0 0 0 0 I3 cosθ I3

 , h=



0
0
−mg(

(I1− I3)ϕ̇ cosθ − I3ψ̇
)
ϕ̇ sinθ(

2(I3− I1)ϕ̇ cosθ + I3ψ̇
)
θ̇ sinθ

I3ϕ̇θ̇ sinθ

 . (5.9)

5.3. Constraints

The top has two contact points (either open or closed). Contact point 1 is the contact between the body and the floo
point 2 is the contact between the hemispherical tip of the stick and the floor. The point on the spherical part of the to
closest to the projection pointM ′, is called pointC. Contact is established whenC agrees withM ′ and then we callC the
contact point. The location ofC is given by

rC = rS + rSM + rMC, (5.10)

with

rS = e1T
[
xS
yS
zS

]
, rSM = e4T

[ 0
0
a1

]
= e1T

A14

[ 0
0
a1

]
, rMC = e1T

[ 0
0
−r1

]
. (5.11)

The vectorrC expressed in Euler angles becomes

rC =
[
xS + a1 sinϕ sinθ
yS − a1 cosϕ sinθ
zS + a1 cosθ − r1

]
, (5.12)

from which the normal contact distance of contact 1 can be obtained

gN1= rC3= zS + a1 cosθ − r1. (5.13)

Similarly, the contact distance between the stick and the floor reads as

gN2= zS + a2 cosθ − r2. (5.14)

The contact distances have the derivativesγNi = ġNi (almost everywhere)

γNi = żS − ai θ̇ sinθ, i = 1,2, (5.15)
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WNi = [0 0 1 −ai sinθ 0 0]T, w̃Ni = 0. (5.16)

The velocity of pointC on the spherical part top is given by

vC = vS +ω× rSC, (5.17)

whererSC is the vector from the center of massS to the pointC, i.e.,rSC = rC− rS . The velocityvC in the framee1 becomes

v1
C =

[
ẋS + (a1ϕ̇ + r1ψ̇)sinθ cosϕ + θ̇ (a1 cosθ − r1)sinϕ
ẏS + (a1ϕ̇ + r1ψ̇)sinθ sinϕ − θ̇ (a1 cosθ − r1)cosϕ

żS − a1θ̇ sinθ

]
, (5.18)

where the component ine1
3 is zero whenγN1= 0.

The tangential contact velocity is a vector in the(e1
1, e

1
2) plane. The tangential contact velocity at contact point 1 is give

the components ofv1
C in the(e1

1, e
1
2) directions

γ T 1=
[
ẋS + (a1ϕ̇ + r1ψ̇)sinθ cosϕ + θ̇ (a1 cosθ − r1)sinϕ
ẏS + (a1ϕ̇ + r1ψ̇)sinθ sinϕ − θ̇ (a1 cosθ − r1)cosϕ

]
. (5.19)

In the same way we can findγ T 2, which we write in the formγ T i =WT
T i

q̇ + w̃T i with i = 1,2 and

WT i =
[

1 0 0 (ai cosθ − ri)sinϕ ai sinθ cosϕ ri sinθ cosϕ
0 1 0 −(ai cosθ − ri )cosϕ ai sinθ sinϕ ri sinθ sinϕ

]T
, w̃T i =

[
0
0

]
. (5.20)

The relative spin of a contact point is the projection of the Poisson vector on thee1
3 axis, i.e.,ω1

3. The spin velocity vector is

the product of spin angular velocity and a contact radiusRi and given byγτi = ω1
3Ri = (φ̇ + ψ̇ cosθ)Ri . The contact matrice

can be found in a straightforward way:

W τ i = [0 0 0 0 1 cosθ ]TRi, w̃τ i = 0. (5.21)

5.4. Numerical results

Some numerical results on the Tippe-Top with Coulomb–Contensou friction will be presented in this subsection.
show that Coulomb–Contensou friction is important for the dynamics of the top. The stability and dynamics of the Tip
will only be briefly discussed. We refer to Magnus (1971) for a more complete analysis of the stability of the equi
positions.

Numerical results on the Tippe-Top with an approximated Coulomb–Contensou friction model (tangens hype
approximation) and a penalty approximation in the normal direction were given in Friedl (1997). We will present
results, but making use of the set-valued Coulomb–Contensou friction law in tangential direction and Signorini’s law in
direction. We consider for the numerical analysis the same dataset as taken in Friedl (1997):

Dynamics:m= 6× 10−3 kg , I1= 8× 10−7 kg ·m2, I3= 7× 10−7 kg ·m2, g = 9.81 m/s2;
Geometry:a1= 0.3× 10−2 m, a2= 1.6× 10−2 m, r1= 1.5× 10−2 m, r2= 0.5× 10−2 m;
Contact:µi = 0.3, εNi = 0, Ri = 5× 10−4 m for i = 1,2.
The parameters of the above dataset are realistic for a wooden commercial Tippe-Top. The contact parameters dep

Tippe-Top as well as on the supporting underground. A friction coefficientµ= 0.3 is realistic for dry contact of wood on wood
Hardly any restitution is observed when a wooden Tippe-Top is dropped on a wooden table or floor, which is well m
with a completely inelastic impact conditionεN = 0. A more difficult parameter to choose is the contact radiusR. The radius
of the contact surface would be according to Hertz law (3.2)

RHertz=
(

3$∗λN
4E∗

)1/3
.

We assume that the underground is flat and therefore that$∗ = r1. The contact force is approximately equal to its station
valueλN ≈mg. Furthermore, we assume the effective modulus of elasticity to beE∗ = 5 GPa, which is realistic for a woode
toy on a wooden surface. The theoretical radiusRHertz would with these assumptions be about 5×10−5 m, which is much less
than the surface roughness of wood (10−4–10−3 m). It can therefore be expected that the radius of the contact surface
not follow Hertz’ law but depends on the roughness of the contacting bodies. We therefore assume a constant contac
R = 5× 10−4 m for both contact points. The influence of the contact radius on the dynamics of the system will be stu
the end of this section.
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Using the above dataset, the motion of the Tippe-Top was simulated with the four stage Runge–Kutta time-stepping method

n
p
n.
e

p,
hes the
ly
ation
r at
-point

e top
and with the initial condition (following Friedl, 1997)

zS0= 1.2015× 10−2 m, θ0= 0.1 rad, ψ̇0= 180 rad/s,

and all other initial states being equal to zero. The time-history of the inclinationθ during the first 8 seconds of the motio
is shown in Fig. 9 and the contact distances in Fig. 10. The initial condition att = 0 s corresponds to a slightly inclined to
which is resting with its body on the floor, i.e.,gN1 = 0 andgN2 > 0, and is spinning fastly around its axis of revolutio
The friction forces in the contact surface cause a frictional torque along thee1

3 axis. The frictional torque together with th

spin around thee4
3 axis causes a gyroscopical torque around the nodal axise2

1 which slowly inverts the orientation of the to
θ = 0→ θ = π . A high-frequency nutational oscillation is superimposed on the global motion of the top. The stick touc
floor at t = 1.5 s, after which the body loses contact with the floor, i.e.,gN1 > 0 andgN2= 0. The top turns almost complete
upright on the stick during the period 1.6< t < 4 s. The rotational speed of the top is gradually reduced due to the dissip
of the friction forces, which causes a re-inversion of the top,t > 4 s. The re-inversion causes the body to touch the floo
t = 4.55 s. A rocking motion is initiated, which ends in an accumulation point of impacts. The top remains in double
contact (gN1= gN2= 0) during the period 4.65< t < 5.4 s. Finally, the contact between stick and floor is opened and th
gradually turns to its trivial non-rotating equilibrium position.

Fig. 9. Time-history of the inclination of the Tippe-Top (R = 5× 10−4 m).

Fig. 10. Time-history of the contact distances of the Tippe-Top (R = 5× 10−4 m).
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5.5. Local stability analysis of equilibria
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Stationary motion of the Tippe-Top can occur in the trivial position (θ = 0) with contact between the body and the floor
in an inverted position (θ = π ) with contact between the stick and the floor. The stability of these equilibria depends on th
ω and on the geometry of the top. Dissipation will slow down the top and bring it back to rest. Still, it is of interest to
whether the top can stay (for some time) on its stick for a certain spinω and whether the trivial position can become (temporar
unstable for large values ofω. We will therefore study the local (quasi)-stability of the Tippe-Top under the assumption
the spinω is constant, i.e.,ω = ω0. The description of the top in Euler angles becomes singular for the equilibrium pos
(θ = 0,π ). In the sequel we will make use of the equations of motion of the Tippe-Top in Cardan anglesα, β, γ for small
angles around the equilibria. The derivation of the equations in Cardan angles will be omitted here for brevity but can
in Magnus (1971).

The two equilibria show a similarity and it will therefore prove to be convenient to introduce the following paramete

(1) body-floor contact:a = a1 > 0, r = r1 > 0, r > a,
(2) stick-floor contact:a =−a2 < 0, r = r2 > 0, r > a.

For each case the value ofh = −a + r , which defines the maximal height of the center of massS with respect to the floor
is positiveh > 0. Stationary motion is defined byα = β = 0, γ̇ = ω0. The quantitiesα, β, α̇, β̇ and ẋS , ẏS are small of first
order O(η). The equations of motion in Cardan angles for small angles become (Magnus, 1971)

mẍS = λT 1,

mÿS = λT 2,

mz̈S =−mg+ λN ,

I1α̈ + I3γ̇ β̇ =−aαλN + hλT 2+O
(
η3),

I1β̈ − I3γ̇ α̇ =−aβλN − hλT 1+O
(
η3),

I3γ̈ = rαλT 1+ rβλT 2+O
(
η2).

(5.22)

The termmz̈S is of order O(η), which is small with respect to the term−mg. It follows that λN = mg. If λT 1 and λT 2
are of first order O(η) then it follows thatI3γ̈ is of order O(η2), which we neglect, and which agrees with the assump
γ̇ = ω0= constant.

Magnus (1971) presented the necessary and sufficient conditions for local stability of the Tippe-Top in the prese
smooth friction law. The proof is based on a linear stability analysis by means of eigenvalues. In this subsection we
a similar local stability analysis based on the Coulomb–Contensou friction law, which gives a smooth friction chara
λT (γ T ) for nonzero spinω.

The tangential friction force is foru= v/(ωR) < 1 given by (3.17)

−λT ∈ ∂γ T
‖γ T ‖

3µλN

32
πu

(−u2+ 4
)
, u � 1, (5.23)

from which we can derive for smallu the smooth relation

λT ≈−µλN
3

8π

1

ωR
γ T =−εγ T , (5.24)

with

ε= µmg
3

8π

1

ωR
. (5.25)

Note thatλT is of order O(η) and thatλN ≈mg. The reduced equations of motion become

mv̇x =−ε(vx − hβ̇ + rω0α),

mv̇y =−ε(vy + hα̇+ rω0β),

I1α̈ + εh2α̇+ amgα + I3ω0β̇ + εrhω0β + εhvy = 0,

I1β̈ + εh2β̇ + amgβ − I3ω0α̇− εrhω0α− εhvx = 0,

(5.26)

with vx = ẋS andvy = ẏS . Using the complex variables

w= vx + ivy, ξ = α+ iβ, (5.27)
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the reduced equations of motion (5.26) can be transformed into the complex system of differential equations

en
ever,

cond

r
in the
mẇ+ ε(w+ ihξ̇ + rω0ξ)= 0,

I1ξ̈ + εh2ξ̇ + amgξ − iI3ω0ξ̇ − iεrhω0ξ − iεhw= 0.
(5.28)

With the ansatz

w=W eλt , ξ =Ξ eλt , (5.29)

we obtain the characteristic equation

det

[
mλ+ ε iεhλ+ εrω0

−iεh I1λ
2+ (εh2− iI3ω0)λ+ amg − iεrhω0

]
= 0 (5.30)

or

mλ
[
I1λ

2− iI3ω0λ+ amg
]+ ε

[(
I1+mh2)λ2− i(I3+mhr)ω0λ+ amg

]= 0. (5.31)

Following Magnus (1971), the system will be on the verge of instability whenλ is purely imaginary. Both expressions betwe
the straight brackets will be real valued ifλ is purely imaginary. The first expression between straight brackets is, how
multiplied byλ. It therefore must hold that both expressions between the straight brackets must vanish and we obtain

mhλ(hλ− irω0)= 0, (5.32)

which has two roots. The first rootλ= 0 of (5.32) is not a root of the characteristic equation (5.31). Substitution of the se
root of (5.32),λ= irω0/h, in one of the bracket expressions of (5.31) gives the condition

I1
r

h

(
I3

I1
− r

h

)
ω2

0+ amg = 0, (5.33)

which defines the (local) stability boundary. In the locally stable region it must hold that

I1
r

h

(
I3

I1
− r

h

)
ω2

0 >−amg. (5.34)

Consequently, the trivial position of the non-rotating Tippe-Top is stable ifa > 0, as expected (a > 0 means that the cente
of mass is located below the center of rotation). Following Magnus (1971), we study the stability of the Tippe-Top
(h/r, I3/I1) plane (Fig. 11). We will only consider the strip 0< I3/I1 < 2. This strip is divided in four regions by

the line
h

r
= 1,

on whicha = 0, and

the hyperbole
h

r
= I1

I3
.

Fig. 11. Stability diagram of the Tippe-Top (Magnus, 1971).
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• Region I: 1 < h/r < I1/I3. Becauseh=−a + r > r it must hold thata < 0. The left-hand side of (5.34) is negative while
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the right-hand side is positive. The stationary point is therefore unstable for all values ofω0.
• Region II: 1 < h/r; I1/I3 < h/r . The right-hand side of (5.34) is positive becausea < 0. The stationary point is locall

asymptotically stable ifω2
0 >ω2

k
with

ω2
k =−

amg

(r/h)I1(I3/I1− r/h)
> 0. (5.35)

The stationary point is unstable ifω2
0 <ω2

k .
• Region III: 1 > h/r > I1/I3. The right-hand side of (5.34) is negative becausea > 0. The left-hand side of (5.34) i

non-negative for all values ofω0. The stationary point is always locally asymptotically stable (forω0 �= 0).
• Region IV: 1 > h/r; I1/I3 > h/r . The right-hand side of (5.34) is negative becausea > 0. The stationary point is locall

asymptotically stable if 0< ω2
0 < ω2

k
and unstable ifω2

0 > ω2
k
. The stability regions together with the trivial and invert

position of the Tippe-Top are depicted in Fig. 11.

A commercial Tippe-Top is designed such that the trivial position is located in region IV, which can become unsta
the inverted position is located in region II and can be stable for large values ofω0. The stability regions do not depend onε and
do therefore not depend on the contact radiusR > 0, but the magnitude of the eigenvalues does depend onε andR. However, if
the contact radius tends to zeroR ↓ 0, then the value ofε becomes very large. Dividing the characteristic equation (5.31)ε
and neglecting terms 1/ε gives the characteristic equation(

I1+mh2)λ2− i(I3+mhr)ω0λ+ amg = 0, (5.36)

which has the eigenvalues

λ= i

(
B

2A
±

√
B2

4A2
+ C

A

)
, with A= I1+mh2, B = (I3+mhr)ω0, C = amg. (5.37)

The eigenvalues (5.37) are for the trivial equilibrium (a > 0 and thereforeC > 0) always purely imaginary (non-hyperbol
case). The real part of the eigenvalues will therefore be very small for small values of the contact radiusR.

Fig. 12 shows numerical simulations of the Tippe-Top for three values of the contact radius. Apparently, a smaller
radius causes a slower inversion of the Tippe-Top. This can be explained by the fact that decreasing the contact r
decreases the magnitude of the real part of the eigenvalues. This shows the importance of Coulomb–Contensou’s fr
for the dynamics of the system.

Consider the case that only Coulomb friction is assumed, implying a zero contact radius. Furthermore, assume
Tippe-Top is initiated close to its trivial equilibrium and with a pure-rolling initial condition (θ  1 andγ T = 0). If the friction
coefficientµ is sufficiently large, then the Tippe-Top will perform a pendulum motion around the trivial equilibrium, p
rolling over the floor, with a frequency given by (5.37). Additional dissipation due to air resistance will even damp
oscillation. The friction coefficient must be sufficiently large to prevent stick-slip transitions during the pure rolling osci

Fig. 12. Time-history of the inclination for different contact radii.
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The question arises whether the trivial equilibrium is locally stable under the assumption of Coulomb friction. A consideration
if the
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integrals
taking only the sticking (i.e., pure rolling) motion into account would indeed point in the direction of stability. However,
spinω is large enough, then there might exist slipping initial conditions arbitrary close to the trivial equilibrium for whic
motion diverges from the equilibrium leading to an inversion of the Tippe-Top. It can therefore not be concluded that th
equilibrium is locally stable in the sense of Lyapunov. Still, the Tippe-Top would under the assumption of Coulomb frict
invert at all if it was initiated with a pure rolling initial condition. Observations on the Tippe-Top, which show inversion
fastly spinning top for arbitrary initial conditions, indicate that Coulomb–Contensou friction is indeed relevant.

6. Conclusion

A set-valued force law to describe spatial Coulomb–Contensou friction was presented in this paper. The set-value
law was formulated within the theory of non-smooth potentials and is able to describe the smooth nature of the frictio
during slipping/spin as well as the set-valued nature of the friction forces during stick (no slipping, no spin). The
model, presented here, augments the existing set-valued law for spatial Coulomb friction by taking drilling friction a
into account (according to the law of Contensou). Other contact and friction effects, such as adhesion and rolling frictio
be described within the same framework.

A higher-order Runge–Kutta time-stepping method was presented in this paper as an extension to the existing time
method of Moreau. The need for such a higher-order integration method became apparent during the numerical anal
Tippe-Top. The Tippe-Top experiences almost no damping and exhibits high-frequency oscillation in the nutation. Nu
simulation with the classical (low-order) time-stepping method yielded fastly diverging solutions, or a fast deadenin
nutational oscillation if integrated with a fully implicit version of the classical time-stepping method. Reducing the st
led to different results as the divergence or deadening was weakened. The presented higher-order Runge–Kutta me
the correct result and converges for a reduction of the step-size. Further research will focus on establishing a fun
background for higher-order time-stepping methods within the framework of DAE-solvers and on the development of a
variable step-size schemes.

The algebraic inclusion, formed by the equation of motion and the set-valued contact laws, was numerically solve
paper by making use of the Augmented Lagrangian Method. The LCP or NCP formulation of the contact problem, f
used by the authors, was abandoned as it became fully impractical when applied to Coulomb–Contensou friction. A s
advantage of the Augmented Lagrangian approach is, that it solves the algebraic inclusion for arbitrary admissible sets
forces (e.g., the setBF ). Other contact laws, which might be even more exotic due to for instance anisotropy, can theref
be handled with the Augmented Lagrangian approach.

The importance of Coulomb–Contensou friction for the dynamics of mechanical systems was illustrated in thi
by an analysis on the Tippe-Top. Industrial applications with fairly rigid contact between spinning objects, such
bearings, grinding devices and drillstrings for oil-wells, motivate research on Coulomb–Contensou friction within a non-
formalism.

Appendix A. Integral tables

Use has been made of the following integrals which can be found in Bronstein and Semendjajew (1984). The
contain the expressionX = ax2+ bx + c with a < 0 and∆= 4ac− b2 < 0.∫

x2√X dx =
(
x − 5b

6a

)
X
√
X

4a
+ 5b2− 4ac

16a2

∫ √
X dx, (A.1)∫ √

X dx = 2ax + b

4a

√
X+ ∆

8a

∫
dx√
X

, (A.2)∫
dx√
X
=− 1√−a arcsin

2ax + b√−∆ , (A.3)∫
sin2x dx = 1

2
x − 1

4
sin 2x, (A.4)∫

sin4x dx = 3

8
x − 1

4
sin 2x + 1

32
sin 4x. (A.5)
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