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1 SUMMARY

In this paper we study the periodic motion and bifurcations of the Frictional Impact Oscillator,
which consists of an object with normal and tangential degrees of freedom that comes in contact
with a rigid surface. The Frictional Impact Oscillator contains the basic mechanism for a hopping
phenomenon observed in many practical applications. We will show that the hopping or bouncing
motion in this type of systems is closely related to the Painlevé paradox. A dynamical system
exhibiting the Painlevé paradox has nonuniqueness and nonexistence of solutions in certain sliding
modes. Furthermore, we will show that this type of systems can exhibit the Painlevé paradox for
physically realistic values of the friction coefficient.

2 INTRODUCTION

If a finger is pushed over a table, then a hopping motion of the finger can be observed when the
finger and table are sufficiently rough. The same phenomenon occurs when a piece of chalk is
pushed over the blackboard, in brake systems and robotic manipulators which touch a surface. In
this paper we will study a Frictional Impact Oscillator, which consists of a rigid object with normal
and tangential degrees of freedom that comes in contact with a rigid surface. The Frictional Impact
Oscillator, introduced in this paper, contains the basic mechanism for the hopping phenomenon
observed in many practical applications. We will show that the hopping or bouncing motion in
this type of systems is closely related to the Painlevé paradox. Furthermore, we will show that this
type of systems can exhibit the Painlevé paradox for arbitrary values of the friction coefficient.
The rigid multibody theory [1,4,5,8,11], which assumes instantaneous impact between rigid
bodies and Amontons-Coulomb friction model in tangential direction, provides a good approach to
study the dynamics when one is interested in the global motion of the system. Mechanical systems
with friction and impact, modelled with a rigid multibody approach, belong to the class of hybrid
systems (i.e. systems with a mixed continuous and discrete nature in time). The transitions in time
from one hybrid mode to another (e.g. from contact to detachment or stick to slip) demand the
choice of the next hybrid mode. A rigorous way to perform this search is to formulate the problem
as a Linear Complementarity problem (LCP). The solution of the LCP can be nonunique, giving
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Figure 3.1: The classical Painlevé example.

an undeterminate next hybrid mode, and the solution of the LCP may even not exist, which leads
to inconsistency in the model. The occurrence of inconsistency in a mechanical rigid multibody
system due to friction is known as the Painlevé paradoz [10]. A number of studies show that
inconsistencies occur in the classical Painlevé example when the friction coefficient p is larger
than % [3,6,7]. New results on how the solution of the classical Painlevé example passes singular
points in the sliding mode were presented in [2].

The critical value of % is very large and not likely to occur in physical situations. We will show
that the Painlevé paradox can occur for arbitrary (positive) values of the friction coefficient. The
notation as well as the methods of [3,11] are used for the dynamics of rigid multibody systems
with impact and friction.

3 THE CLASSICAL PAINLEVE EXAMPLE

Consider a rigid homogeneous slender rod with mass m, length 2s and inertia Jg = %ms2 (Fig-
ure 3.1). The rod is sliding with one tip over a rigid ground with friction coefficient y. The system
has three degrees of freedom, ¢ = [x y go}T. The normal contact distance and tangential
contact velocity are gy =y — ssinp and gr = & — s sin .

It is relatively easy to show that a dynamic frictional catastrophe can occur in this simple
system. Assume that the rod is sliding from over the ground in forward direction, i.e. gy = 0,
gy =0 and g > 0. It therefore holds that Ay = —uAnx. The equations of motion become in the
forward sliding mode

mE = —uAn
mj = -—mg+ An (3.1)
Js@ = s(—cosp + psinp)An.

The rod remains in sliding contact when gy = 0 and will detach when gy > 0, with
Gn =¥ — scos P + s¢? sin . (3.2)
The normal contact acceleration becomes in the forward sliding mode (substituting (3.1) in (3.2))
gn = Ay + b, (3.3)

with A(p) = % (1+3 cos p(cos p—psin go)) and b(p, ¢) = s¢? sin p—g. Between the normal contact
acceleration gy and the normal contact force Ay the following complementarity conditions hold

0<gn LAy >0. (34)

The complementarity conditions (3.4) express that if the contact detaches, gy > 0, then it must
hold that Ay = 0, while if the normal contact force is positive Ay > 0 the contact remains



closed gy = 0. The linear equation (3.3) together with the complementarity conditions (3.4) gives
a scalar Linear Complementarity Problem (LCP) for the detachment of the rod in the forward
sliding mode. The scalar LCP with gy = AAny + b, 0 < gn L Ax > 0 has a unique solution for
A > 0, two solutions for A < 0 A b > 0, no solution for A < 0 A b < 0 or infinitely many solutions
for A = b =0 (hyperstatic case). The occurrence of inconsistency (the LCP has no solution) and
indeterminacy (nonuniqueness of solutions) is called the Painlevé paradox [2].

The Painlevé paradox will occur when A(p) becomes negative, which happens for large enough
values of u. The critical value of u for which A(¢) = 0 occurs at y = u.(p) with

_ 1+3cos®y

= . 3.5
3sin cos ¢ (3:5)
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The critical friction p.(¢) coefficient is minimal for ¢ = arctan 2, giving fiemin = %. This minimal
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critical friction coefficient changes for other ratios of but will always be larger than 1.

4 THE FRICTIONAL IMPACT OSCILLATOR

A human finger, pushed over a table, may exhibit periodic motion with stick and slip phases.
When the friction between the finger-tip and the table is sufficiently high, even periodic motion
may be observed with phases where the finger is not in contact with the table, i.e. the finger
detaches from the table causing a ‘flight’ phase after which an impact occurs to another phase of
the periodic motion. We will study a simple system, called the Frictional Impact Oscillator, which
exhibits the same phenomenon and show how it is related to the Painlevé paradox.

4.1 Model

The Frictional Impact Oscillator is depicted in Figure 4.1. The system consists of a mass-spring-
damper system (with coordinate y and constants ma, k, ¢), which can be looked upon as the ‘hand’.
A massless rigid bar, representing the ‘finger’ is attached by a hinge to the ‘hand’. The hinge can
only move in the vertical direction by a displacement y. The bar is mounted at the hinge by a
rotational spring and dashpot (k,,c,). A mass m, is located at the tip of the bar. The springs &
and k, are unstressed when y = 0 and ¢ = ¢y respectively. The tip of the bar can make contact
with a belt, moving at constant velocity vyq;. The contact is regarded to be completely inelastic.
Pure Amontons-Coulomb friction is assumed without Stribeck effect (¢ is not dependent on the
relative velocity). The normal contact distance and tangential contact velocity are

gy =11 —cosp)+y, gr=I1lpcosy+ vgr. (4.1)

Lagrange’s equations of motion can be put in the form M (q)g—h(q,q) —Wn(@)An —Wr(g)Ar =
0, with g = [go y]T, where Ay and Ap are the normal and tangential contact forces. We can
express the contact velocities and accelerations in the generalized accelerations by

S-Bhe k) BBl e

gr Wi wr
The system matrices and vectors of the Frictional Impact Oscillator become

M= my 12 malsing h— —ko(p — o) — cpp —maglsing (4.3)
mylsing my + mg —ky — ¢y — (m1 +ma)g —milcosy ¢?|’ )

Wy = [ISTSO] W = [l C%SSO] , N = 0,0n = l¢? cosp, Wr = vgr, W = —IP?sinp.  (4.4)
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Figure 4.1: The Frictional Impact Oscillator.

4.2 Forward Slip, gr > 0

The motion of the system in the forward slip mode is constraint with Ay > 0 and Ar = —pAn.
The equations of motion in the forward slip mode become

mil2@ + malsing §+ e, + kyo(@ — o) = I(sing — pcosp) Ay — myglsing (4.5)
milsing ¢ + (m1 +ma)f + ¢y + ky + milcos ¢ = Ay — (m1 + ma)g. ‘

Elimination of Ay together with the conditions gy = gy = g~ = 0 gives a second order differential
equation

M(@)¢ + D(p)¢* + C(p)p + Flp) =0, (4.6)
with
M(p) = (m1 cos? ¢ + my sin p(sinp — pcos)) 12
D(yp) = ((—m1 + ma) sinp cos p — map cos? )12
Cp) = ¢y + cl? sin p(sinp — pcos @)
F(p) = kolp — @o) + kl2(1 — cos p)(sing — pcos ) + ((m1 + ma)pcosp — my sin p)lg.

(4.7)

The system can have (multiple) equilibria ., in the forward sliding mode, which obey F(geq) =0
and a nonzero contact force Ay = —kl(1 — coSeq) + (M1 + mg)g > 0. If the condition K(p) =
8}8——2") >0, V¢ holds then at most one equilibrium in the forward sliding mode exists. We assume
in the forthcoming that k,, is chosen large enough that indeed K(y) > 0 for all ¢ of interest. This
means that the unique equilibrium e, if it exists and obeys Ay > 0, must be close to ¢o. The
eigenvalue problem of the linearization around the equilibrium yields

M(eq)A? + C(Peg) A + K(peq) = 0. (4.8)

The equilibrium is stable if M(peq) > 0, C@eq) > 0 and K(peq) > 0 or M(peq) < 0, Cpeq) <0
and K(peq) < 0. Note that the friction coefficient p can cause a positive feedback of the damping
forces. The equilibrium undergoes a Hopf bifurcation for M(peq) > 0, K(peq) > 0 when the
friction coefficient u passes the critical value

c
=t 4 , 4.9
Ha =Ta0Ped T in Deq COS Peq (49)

for which C(@eq) = 0.1 The value of M(p.,) becomes zero when y = tan e, + Z—;m, which
is in fact the Painlevé paradox.

'If 4 passes ug, then it follows that C(peq) changes sign. A pair of complex conjugated eigenvalues move therefore
through the imaginary axis, implying a Hopf bifurcation.
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Figure 4.2: The (i, )-plane of the Frictional Impact Oscillator, u = 0.5.

4.3 Painlevé paradox

In this subsection we will study the Painlevé paradox in the forward and backward sliding mode
with similar techniques as presented in [2].

The solution remains in the forward sliding mode if g7 > 0 and gy = 0 and in the backward
sliding mode if gr < 0 and gy = 0. The body detaches from the belt when gx > 0. For the
normal contact acceleration §n holds Gy = Isinp @ +jj + [ cos ¢ ¢?. Substituting the equation of
motion in (4.2) together with gy = gn = 0 gives

At ;
P R (4.10)
A AN +b, g7 <0
with . o cos? -
A () =WyM  (Wy FuWr) = N@) (1 + m—ltango(tango T ,u)), (4.11)
b(p,9) = WM 'h +on
cos?o [ my tang mal
_ _m2 b4k (p — Ising ¢ + k(1 — ) —
N(p) ( m1lcoSg0(cwgo+ oo 800))+c sinp ¢ + ki( COSSO)-’_COSQOSO ) g
(4.12)

and N(p) = my cos® ¢ + my. The notation A is used to denote the value of A in the forward
sliding mode, while A~ will be used for the backward sliding mode. Note that A* are functions
of ¢ and y, and b is a function of ¢ and ¢. The linear equation (4.10) gives together with the
complementarity conditions 0 < gy L Axy > 0 a scalar Linear Complementarity Problem for the
detachment in the forward and backward sliding mode.

The Painlevé paradox occurs in the forward sliding mode when A1 (p) becomes negative,
leading to inconsistency or indeterminacy of the forward sliding mode (depending on the sign
of b(p,%)). The value AT(p) can become negative for sufficiently large values of the friction
coefficient . The critical value occurs at u = pf (¢) for which At (¢) =0,

(4.13)
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Figure 4.3: The (i, ¢)-plane of the Frictional Impact Oscillator, u = 1.

The critical value uf () is minimal when ¢ = arctan e giving

m
Lemin = 2 m—; (4.14)
For p > piemin there exists an interval of ¢, < ¢ < %, for which AT < 0 with
1 1 mi 1 1 mi
ol = arctan(§u+ Z,Lﬂ - m—2), b= arctan(i,u - Z,uQ - m—2) (4.15)

With respect to the previous section we have to remark the following
1. It holds that AT () = 0 if and only if M(p) = 0.

2. Let u = pf > 0 and be bounded such that At (¢) = 0. Then it holds that b(p, ) = 0 if and
only if D(p)¢” + C(p)¢ + F(p) = 0.

We can conclude that when ¢ is such that AT = 0, then the slip equation (4.6) is fulfilled only
when b = 0.

4.4 Analysis of Periodic Motion

The Frictional Impact Oscillator can exhibit periodic motion with slip, stick and flight phases.
We will explore how the topology of the periodic solution depends on the regions defined by the
lines A =0 and b = 0. We will consider two cases: case 1 with u = 0.5 < pemin and case 2 with
B =1> tiemin, where tiemin = 0.6325. The other parameters are m; = 0.1kg, ms =1kg, I =1m,
k =100 N/m, k, = 100 Nm, ¢ = 10 N/(ms), ¢, =0 Nm/s, ¢9 = %, var = 1 m/s, g = 10 Nm/s?.
Case 1: p = 0.5. Solutions in the forward slip mode exist and are unique because A > 0 Vo
for g < pemin. The lines b = 0 (4.12) and gy = 0 are drawn in the plane (p,¢) of Figure 4.2.
The borders of the stick mode on the line gy in Figure 4.2 are obtained numerically and depicted
by a small circle (o). The part of the line gr between the two o signs is therefore the stick
mode. Note that the stick mode lies, for this parameter set, totally outside the detachment region
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Figure 5.1: Bifurcation diagram of the Frictional Impact Oscillator.

At > 0,b > 0. A stable periodic solution is found numerically and consists of the following phases:
stick—slip—flight. The dynamics of the flight phase is not only dependent on (¢, ¢) and is therefore
depicted in grey. The stick to slip transition occurs at the border of the stick mode. The body
remains some time in forward slipping contact with the belt in the space AT > 0,b < 0 until the
line b = 0 is hit. The sign of b changes at the line b = 0, giving the LCP solution Ay = 0, jx > 0,
which means that the body detaches from the belt. The body remains in flight (unconstrained
free motion) until an impact occurs (gy = 0). The impact causes the velocities ¢ and g to jump.
However, the jump is so small that the discontinuity cannot be seen at the scale of Figures 4.2.
The impact results in sticking of the body to the belt.

Case 2: y = 1. Nonexistence and nonuniqueness exist for this parameter set and are depicted
in Figure 4.3. The stick mode is now bordered partly by the region AT < 0,b > 0 (the inde-
terminate mode of the detachment LCP of the forward slip mode) and is partly bordered by the
region AT < 0,b < 0 (the inconsistent mode of the detachment LCP of the forward slip mode). A
periodic solution was found which contains a stick phase and a flight phase (depicted in grey). The
velocity jump due to the impact is depicted by a dotted line. The impact causes the post-impact
state to be in the stick mode.

5 BIFURCATIONS

The bifurcation diagram of the Frictional Impact Oscillator is depicted in Figure 5.1 taking the
friction coeflicient u as bifurcation parameter. The stable periodic solution for g = 0.5 corresponds
with Figure 4.2 and for u = 1 with Figure 4.3. The two periodic solutions (cases 1 and 2) are
topologically different. A change in the topology of the periodic solution (from case 1 to case 2)
occurs close to 4 = pemin. Such a qualitative change is sometimes called bifurcation. A bifurcation
in the sense that the number of coexisting equilibria or periodic solutions changes does however
not occur at this point. The Painlevé paradox can however lead to a bifurcation in this sense if
the parameter set is slightly different such that pg > tiemin -

6 CONCLUSIONS

In the previous sections we analyzed the Frictional Impact Oscillator and showed that the critical
friction coefficient depends only on a mass ratio and can therefore be made arbitrary small, i.e.



temin = 24/m1/msg. The Painlevé Paradox can therefore occur at physically realistic values of the
friction coeflicient, which was not apparent from the classical Painlevé example.

The Frictional Impact Oscillator can be seen as a sort of archetype of systems with a frictional
hopping/bouncing motion, carrying the basic mechanism for this phenomenon. We can draw a
number of conclusions from the analysis of the Frictional Impact Oscillator. If the mass of the
end-effector of the structure, m;, is small with respect to the mass of the supporting structure
mg, then the Painlevé paradox can occur at physically realistic values of the friction coefficient.
Hopping motion can occur when the friction coefficient u is large enough such that either the
linear damping terms vanish/become negative or the Painlevé paradox occurs. For many practical
applications it might very well be that tiemin < tig and that the Painlevé paradox is the actual cause
of (undesirable) periodic motion. To avoid the hopping phenomenon in these type of systems, one
should therefore increase the mass m; of the end-effector. The support stiffness k& and damping
¢ can be looked upon as the PD-action of a position controller for the link with mass ms. When
the friction is high enough such that g > tan¢, then the D-action will diminish the dissipation
in the system. In fact, the friction causes positive feedback, which can lead to instability of the
forward sliding equilibrium.

A Dbifurcation diagram of the model was analyzed in Section 5. The Painlevé paradox will
introduce locally nonexistence or nonuniqueness. The phase portrait of a system with the Painlevé
paradox is therefore topologically different from the phase portrait of a system without the Painlevé
paradox. If the Painlevé paradox occurs at a critical value of the bifurcation parameter, then a
topological transition will occur at this critical point, which might lead to a bifurcation of branches
of periodic solutions or equilibria, but not necessarily.
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