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Abstract
The determination of optimal trajectories of non-

holonomic systems and of structure-variant (hybrid)
mechanical systems are active research areas. These
optimization problems belong to the class of mathemat-
ical problems with equilibrium constraints (MPEC). In
this report the time-optimal trajectories of a structure-
variant differential-drive robot will be presented by
making use of recent developments in non-smooth
analysis and mechanics. The trajectories will be deter-
mined by the direct shooting method, which performs
the integrations of the dynamical system based on the
time-stepping scheme.
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1 Introduction
The trajectory determination of structure-variant sys-

tems which are exposed to high degree of nonlinear-
ity, discontinuities in states and change of degrees of
freedom (DOF) is a very challenging active research
area. The trajectory optimization of structure-variant
mechanical systems belong to the class of mathemat-
ical programs with equilibrium constraints (MPEC).
In (Outrata and Zowe, 1998) a MPEC is defined as
an optimization problem in which the essential con-
straints are defined by parametric variational inequality
or complementarity systems. One of the many repre-
sentations of a MPEC can be stated as follows:

min
x,z

f(x, z)

z ∈ S(x) (1)

x ∈ Uad, z ∈ Z

The problem stated in (1) includes a subclass of so-
called bilevel programs, whereS assigns eachx ∈

Uad the solution of a ”lower-level” optimization prob-
lem. In the case where the complementarity system
arises from mechanical systems, a so-called subclass
of MPEC, namely, bilevel programs apply. In refer-
ences (Cottle and Stone, 1992), (Murty, 1988) a de-
tailed treatment of complementarities and optimization
can be found. By analogy, the measure-differential
inclusion that describes the dynamics can be consid-
ered as the necessary conditions of a ”lower-level” opti-
mization problem represented by the saddle-region re-
straining setS. Here the time is the goal function to
be minimized and the control action is represented by
x ∈ Uad. References (Luo and Ralph, 1996), (Outrata
and Zowe, 1998) treat MPEC and bilevel programs ex-
tensively.
The mechanical system chosen to present the numer-

ical scheme has several features. Non-holonomic me-
chanical systems such as wheeled robotic devices are
used regularly in literature as benchmark systems for
trajectory optimization such as in (Balkcom and Ma-
son, 2002), (Kolmanovsky, 1995). In all the publi-
cations the wheeled robots are treated as smooth me-
chanical systems that always fulfill the non-holonomic
and rolling constraints. These models are either kine-
matic or seldomly dynamic and are far from being re-
alistic. The differential-drive robot presented in this
report will have the ability to undergo stick-slip tran-
sitions. Therefore a dynamic model of a three-wheeled
robot has been used, tailored for trajectory optimiza-
tion problems meaning that the level of complexity
has been kept adequate. This non-smooth dynamic
model is capable of fully incorporating the effects of
structure-variance emanating from the non-holonomic
constraints. Structure-variance for non-holonomic me-
chanical systems bear advantages as presented in some
typical maneuvers. The controls can be considered as
the variables of the ”higher-level” optimization prob-
lem whereas the contact forces and states are variables
of the ”lower-level” (quasi-) optimization problem.
The optimization of the MPEC will be performed by

the direct shooting method. The discretized control



vector and the final time constitute the variable vec-
tor. The numerical integrations are performed by ap-
plying Moreau’s time-stepping discretization scheme
to the measure-differential inclusion describing the
mechanical dynamics. The contact dynamics aris-
ing from a spatial Coulomb friction are handled by
a so-called exact-regularization technique that has its
roots in the augmented Lagrangian formulation of the
Lagrangian dynamics as first described in (Alart and
Curnier, 1991). The measure-differential inclusion de-
scription is capable of incorporating mechanical im-
pacts as well as stick-slip transitions. In the sequel
the measure-differential inclusion representation of the
mechanical system will be illustrated by making use
of the diff-drive robot from the perspective of trajec-
tory optimization. Moreau’s time-stepping discretiza-
tion scheme along with the exact-regularization will be
expounded. The implementation of the optimization
with the Nelder-Mead simplex method and the direct
shooting technique will be elucidated before present-
ing results.

2 Model of the Differential-Drive Robot
The differential-drive robot is a three-wheeled motor-

ized robot of which the rear wheels are actuated and
steered separately contrary to the front wheel which is
neither actuated nor steered. There are several assump-
tions that are fundamental to the modelling of the sys-
tem:

1. A rigid-body mechanical model is used.
2. The friction between wheels and ground is mod-

elled as isotropic spatial Coulomb friction.
3. The non-steered unactuated front wheel is equiv-

alently replaced by a stick, removing two DOF to
be modelled.

4. The rotational inertia of the total actuation consist-
ing of the components of motor rotors and trans-
missions are added to the rotational inertias of the
wheels.

5. The separation of wheel contact from the floor is
excluded but detected. It is assumed that all wheels
remain in contact with the floor. The normal con-
tact forces/impulses have been calculated by the
the projection of the angular and linear momen-
tums in the constrained directions.

The system has three modii of operation. When the
non-holonomic constraints are fulfilled, the system
possesses two DOF. If both wheels slide it is a system
with five DOF. In the three-DOF mode one wheel con-
tact sticks and the other wheel slides, meaning that the
non-holonomic constraints are fulfilled but one wheel
does not fulfill the rolling condition. Under the given
assumptions there are five mechanical DOF necessary
in order to model the mechanical system. These are the
planar translational coordinates of center of mass (CM)
of the chassisx andy as well as the planar orientation
of the chassisφ, the angular positionsψR andψL of the
wheels with respect to the chassis frame. The various

dimensional and inertial parameters relevant to model
have been obtained from a CAD model of a similar diff-
drive robot of this type developed at ETH Zurich. As
a consequence, the following set of generalized coordi-
nates and velocities are used to describe the system:

q =




x
y
φ
ψL

ψR




, u =




ẋ
ẏ

φ̇

ψ̇L

ψ̇R




. (2)

Hereu is a function of bounded variation and is called
a generalized velocity. The equations of motion (EOM)
are obtained by using the well-known Lagrange II for-
malism for the smooth dynamics of the robot:

d

dt

(
∂T

∂q̇

)T

−
(

∂T

∂q

)T

+
(

∂V

∂q

)T

− f = 0. (3)

The contact forces, which are non-potential in the clas-
sical sense, are incorporated by the appropriate jaco-
biansWT and WN in f . In the sequel mechanical
systems with unilateral contacts with friction will be
considered but this formalism is capable of modelling
a wider variety of mechanical systems as described in
(Glocker, 2001) from the perspective of non-smooth
potential theory.
The tangential and normal local kinematics need to be

defined in order to relate the contact distance to the set-
valued force element. For the detection of the closing
of a contact, let the vectorgN (q, t) denote the normal
contact distances between the rigid bodies in the system
which are always positive. The tangential and normal
contact kinematics are defined in terms of:

γT = WT
T (q, t)u + ωT , (4)

whereγT is a vector that denotes the relative tangential
contact velocities, and

γN = WT
N (q, t)u + ωN =

∂gN

∂q
u + ωN , (5)

where γN is a vector that denotes the relative nor-
mal contact velocities and is obtained as the total time
derivative ofgN (q, t). In order to derive the set-valued
force laws properly the definition of following sets are
necessary:

C1 = {λN |λN ≥ 0} (6)

C2 = {λT | |λT | ≤ µλN} (7)

whereλT and λN represent the associated Coulomb
friction force and the normal contact force at one con-
tact, respectively. The differential inclusion can be



Figure 1. Contact forces at the model contacts.

stated in the following form:

Mu̇− h(q, u, t) − WT λT −WNλN = 0, (8)

gNi = 0, (9)

γNi ∈ −NC1(λNi), (10)

γTi ∈ −NC2(λTi), (11)

whereM(q, t) is the symmetric PD mass matrix and
h(q, u, t) represents the vector with gyroscopical ac-
celerations together with all classical finite-valued gen-
eralized forces.NC(λ) denotes the normal cone to set
C at the pointλ. A detailed treatment of the set-valued
force laws can be found in references (Glocker, 2001),
(Leine and Nijmeijer, 2004). In this particular case, the
normal forces will be determined by the projection of
the change of linear and angular momentum in the con-
strained directions,

λN =




λNR

λNL

λNF


 = Pa (q, u, u̇, λT ) , (12)

wherePa is a set of algebraic equations which are ex-
plicitly solved for the normal contact forces. The con-
tact forces can be seen in figure 1. In the absence of
impacts the differential inclusion becomes:

M(q, t) u̇ − h(q, u, t)−WT (q, t)λT = 0,(13)

λN = Pa (q, u, u̇, λT ) , λN ≥ 0, (14)

−γTi ∈ NC2 (λTi) . (15)

The measure-differential inclusion of a general rigid-
body mechanical system can be obtained through the

integration of the differential inclusion over the atom
of impact time and can be stated as:

M du− h dt − WT dΛT −WNdΛN = 0, (16)

ξNi ∈ −NC1(dΛNi), (17)

ξTi
∈ −NC2(dΛTi

), (18)

where ξTi
and ξNi

at the ith contact are given by
the following expressions if the Newton impact law is
used:

ξTi = γ+
Ti

+ εTi
γ−Ti

, (19)

ξNi
= γ+

Ni
+ εNi

γ−Ni
. (20)

A similar projectionPv can be formulated on the
measure-differential level which would make the
measure-differential inclusion look like as follows:

M du − h(q, u, t) dt−WT (q, t) dΛT = 0,(21)

dΛN = Pv (q, u, du, dΛT ) , dΛN ≥ 0, (22)

−ξTi ∈ NC2 (dΛTi) . (23)

HeredΛT is the differential measure of the tangential
contact impulse anddΛN is the differential measure of
the normal contact impulse.

3 Treatment of Contact Dynamics and Time-
Stepping Integration

The relatively recent developments in the numeri-
cal integration of measure-differential inclusions by
the time-stepping technique is the main feature of
the presented method. The time-stepping integration
technique and the concept of MDI originally stems
from J. J. Moreau and are deeply rooted in his work
(Moreau, 1988). Though in the considered example
impacts due to collisions are excluded, the formulation
of a measure-differential inclusion dynamics can han-
dle impacts that occur without collisions, such as ve-
locity jumps due toC0 constraints or the Painlevé phe-
nomenon. The time-stepping integration used here is
depicted in figure 2. The integration is an implicit Euler
integration with an embedded fix-point iteration to de-
termine the contact forces based on a scheme that is de-
scribed in (Jean, 1999). The standard time-stepping in-
tegration scheme is tailored in this algorithm for the im-
plementation of the shooting method. Since the shoot-
ing method requires several hundred evaluations of nu-
merical integrations, it is advisable to keep the com-
plexity of the model not higher than necessary. The
main feature is the determination of the normal con-
tact forces/impulses by the projection of the angular
and linear momentum changes in the constrained direc-
tions of motion, in order to alleviate the computational
burden. There are three constrained directions of mo-
tion which emanate from the requirement that all of the



Figure 2. The time-stepping integration scheme applied in the

shooting. The tangential contact forces are iteratively solved at

each point with exact-regularization along with normal contact forces

which are obtained via projection.

contacts should always remain closed. The projection
approach reduces the number of DOF to model the sys-
tem from eight to five.
The replacement of the set-valued inclusions by equal-

ities is the key issue in formulating the iterative scheme
to calculate contact forces. The set-valued force laws
can be rewritten into equalities by making use of the
relation stated in equation (24):

λ = proxC(λ + rs), r > 0,

⇐⇒ λ ∈ N∗
C (s) ,

⇐⇒ s ∈ NC (λ) . (24)

Herey = proxC(x) denotes the nearest pointy ∈ C
to x. The above relation enables the reformulation of
the set-valued relation given in (23) as an equality:

M du − h(q, u, t) dt−WT (q, t) dΛT = 0,(25)

dΛN = Pv (q, u, du, dΛT ) , dΛN ≥ 0, (26)

dΛTi
= proxC2 (dΛTi

− r ξTi
) . (27)

At each integration time point, the embedded iterations
are stopped when the norm of change of successive nor-
mal and tangential contact forces is less than a specified
tolerance.

4 Optimization Method
The direct shooting method is used to determine

the optimal trajectories, which is a well established
method, that bears the advantage that practically no
prior information is necessary regarding the adjoint
variables compared to the indirect shooting method.
The optimization has been performed by the Nelder-
Mead simplex method which is a non-derivative based
minimization algorithm as described in (Bertsekas,
1999). The goal criteria has been to reach desired end
states while minimizing the time. The usage of a non-
derivative based optimization method is justified from
the point of non-smoothness, non-uniqueness of the so-
lution as well as the difficulty to obtain the (sub) gradi-
ent analytically. It is a well-known fact that MPEC do
not fulfill in many cases the Mangasarian-Fromowitz
constrained Qualifications (MFCQ) as has been pre-
sented in references (Luo and Ralph, 1996), (Outrata
and Zowe, 1998). The set-valuedness of contact forces,
and the linear dependency of friction force directions in
this example in particular are closely related to the non-
uniqueness of the solution. The non-uniqueness of the
solution causes irregularity of the equality constraints
leading to the failure of the MFCQ.
The variables for a direct shooting application are

chosen as a subset of the final conditions and con-
trol variables. The time-stepping integration has been
implemented as a C-code, and a MATLAB function
is utilized to implement the Nelder-Mead minimiza-
tion. GivenN discretization points, the variable vec-
tor y consists of the discretized moments that drive the
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Figure 3. Forward-Drive: Contact Forces and Velocities.
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Figure 4. Forward-Drive: Position, Orientation and Velocities of Chassis CM.
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Figure 5. Forward-Drive: Control Torques and Phase Diagrams.

wheels as well as the end time.

y = {MR(1), . . . ,MR(N),ML(1), . . . , ML(N), tf}.

The deviations on the end state, time and the infeasibil-
ity of control moment constraints has been penalized
in the penalty function to be minimized. The penalty
function consisted of the weighted squared errors of
end state deviations, time and squared deviations on the
control moments.
The main features of this direct shooting approach can

be summarized as follows:

1 Though the underlying system might undergo
structure-variant phase changes such as impactive
phase transitions and stick-slip transitions multi-
ple shooting is not necessary and a single shooting
performs the task.

2 The time-stepping integration takes care of the
equalities and inequalities, that emanate from the
unilateral and frictional contacts.

3 Knowledge regarding adjoint variables is not neces-
sary at all.

4 The method enables to obtain optimal or subopti-
mal trajectories to mechanical MPEC in a reduced
search space.

5 The sufficiency condition for convergence is a close
enough initial trajectory.

In literature there are formulations to convert hybrid
system optimal control multiple-shooting problems
into a two-point boundary value problem by means of
interior point methods so that inequalities are converted
into equalities. To the best knowledge of the authors
the approach presented here, is the first single shooting
scheme proposed for hybrid systems with complemen-
tary constraints by making use of exact-regularization.
It is also a single shooting method for the solution of
bilevel programs arising from mechanical contact prob-
lems.

5 Numerical Results

In this section a maneuver will be presented where the
robotic system undergoes explicit-phase transitions. In
this maneuver the robot is expected to drive straightfor-
ward. The center of mass of the robot is not in its geo-
metric center so the distribution of normal forces on the
wheels is also affected by this fact. Indeed in real world
applications the loading and design of wheeled robots
is seldomly symmetric and this trajectory is more prob-
ably to occur with oversized motors. Because of the
unequal normal contact forces, contrary to the expecta-
tions, the robot gets into sliding. In the sequel the tra-
jectories that describe these maneuvers are presented.

The aim is to take the robot from the inital state given



by




x0

y0

φ0

ψL0

ψR0




=




0
0
0
0
0




,




ẋ0

ẏ0

φ̇0

ψ̇L0

ψ̇R0




=




0
0
0
0
0




to the final state given by:




xf

yf

φf

ψLf

ψRf




=




0
5
0

free
free




,




ẋf

ẏf

φ̇f

ψ̇Lf

ψ̇Rf




=




0
0
0
0
0




.

The control moments of both wheels are limited
‖ML‖ = 1 Nm, ‖MR‖ = 1 Nm. A number of200
discretization points are used and the controls are dis-
cretized with40 points each.The optimal final end time
is 2.930s. Figures 3, 4 and 5 depict the optimal trajec-
tories.
The robot tends to drive utilizing full effort straight-

forward to the end position but due to the unsymmetri-
cal loading it tends to rotate. The unsymmetrical load-
ing can also be seen in the normal contact force trajec-
tories shown in figure 3. This rotation is compensated
by the stick-slip transitions of the right-wheel. The
robot is able to drive straight in a bang-bang manner
thanks to the changes in the degrees of freedom (DOF).
In figure 3 the relative contact velocities can be seen.
The corners in the phase diagram ofy as in figure 5 are
typical for a bang-bang type control action. The ma-
neuver can be divided into two main parts. In the first
part the system accelerates using full-effort. The sec-
ond part begins when the system is decelerated. The
left wheel contact sticks and fulfills the non-holonomic
constraint in both parts of the maneuver, whereas the
right wheel begins sliding in the second part of the ma-
neuver. These phase transitions are performed in order
to keep the orientation of the chassis straight. In this
maneuver the robot has two DOF in the first part and
three DOF in the second part of the maneuver. In fig-
ure 4 the deviations and the correcting actions can be
seen in the trajectories oḟx, φ and φ̇. The switching
to the three-DOF mode can visually be detected also in
the trajectories of control moments and contact normal
forces as depicted in figures 3 and 5, respectively. In the
second part, the right wheel fulfills the rolling condition
in small time intervals, which correspond to time in-
tervals where the chassis orientation is nearly straight.
The 3-DOF system in the second part of the maneu-
ver also correctis the deviation inx direction, as can be
in figures 4 and 5. In the second part of the maneu-
ver, the right wheel gets into sliding as a consequence
the sliding friction force is directly related to the nor-
mal forceλNL by the friction coefficient. However,

the trajectory of the angular velocityΨL is not unique
in the sense that it can take any shape as long as the
wheel remains in sliding. On the other hand, the right
wheel contact always remains in the set-valued region
of the contact and it can take depending on the driv-
ing momentMR a range of values because the rolling
condition implies sticking of the contact. Contrary, to
the freedom in the transmission of friction forces, the
trajectory ofΨR is strictly prescribed by the kinemat-
ics. The possible non-uniqueness in the solutions of the
trajectories can be found in this set-valued character of
friction contacts.

6 Discussion and Conclusion
A numerical method is presented for the determina-

tion of time-(sub)optimal trajectories for mechanical
MPEC, which are also typical bilevel programming
problems that can handle rigid-body contact problems.
The advantages of structure-variant modelling of an
differential-drive robot in maneuvers is representative
of the advantages that can be obtained by modelling
mechanical systems on the basis of MDI. Heuristically,
this favorable behaviour can be explained by the ability
of a structure-variant system to use a variety of con-
figuration manifolds occasionally enabling the attain-
ment of better goal function values. The method ben-
efits from a sound modelling approach for structure-
variant systems based on the time-stepping scheme and
the exact-regularization of the complementary charac-
ter of contacts. The novel feature is that contrary to
other shooting schemes for optimization problems with
different phases, characterized by different system dy-
namics, multiple shooting is not necessary and the pa-
rameters of event or phase transitions need not to be
optimized separately in the optimization. As a con-
sequence, the location and time of phase transitions
where the system changes DOF is not prespecified but
is determined as an outcome of the optimization. An-
other novel feature of this approach is that the sequence
of different phases does not need to be prespecified ei-
ther.
The application of the exact-regularization of com-

plementary constraints is not restrained to mechanical
structure-variant systems only. The time stepping op-
timization scheme provides a means to circumvent the
difficulties associated with event-driven algorithms that
lead to mixed integer programming problems or mul-
tiple shooting problems. The globality of the direct
shooting method for solving mechanical MPEC is an
open issue that has to be clarified because convergence
is guaranteed in cases where the initial trajectory has a
certain proximity to the optimal solution.
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