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Wave propagation in a wooden bar
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Abstract

In this paper we will present a method to determine the material properties of a wooden bar with rectangular cross-section using
guided waves in the measurement. We modelled the wood as an orthotropic material with nine independent constants. We deter-
mined the dispersion curves theoretically in the three-dimensional case using a semi-analytical finite element method. In our lab-
oratory we excited transversal and longitudinal waves in wooden bars of 2.5-4 m length by piezoceramic transducers. We measured
the displacement or the velocity of the surface of the bar by a laser-interferometer. The dispersion curves of the bar are determined
from the measurement by the linear prediction method. We related the dispersion curves and the material properties. We found the

material properties by parametric model fitting.
© 2004 Published by Elsevier B.V.
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1. Introduction

Non-destructive testing of wood is challenging for
several reasons. Wood is an anisotropic inhomogeneous
material. The material properties can be evaluated by
measuring the running time of the waves in the material.
This method known as “time-of-flight” method uses
ultrasonic waves in the high frequency range (>1 MHz)
[7]. In that frequency range the waves are not dispersive,
but wood has usually high damping, so the piezosignal
vanishes quickly after a few centimeters range. Fur-
thermore in this frequency range the wavelength is only
few millimeters and the inhomogeneities are in the same
range, thus they could disturb the measurement. By this
method the material properties can be evaluated locally
on a small cube [2].

In the deep frequency range (<100 kHz) the damping
is lower and the wavelength is longer (few centimeters),
thus the material properties can be globally evaluated on
a beam and the inhomogeneities do not disturb the
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measurement as much as in the high frequency range.
Due to the fact that the guided waves are dispersive in
this frequency range, the method of “time-of-flight”
cannot be used. The dispersion curves have to be eval-
uated theoretically and experimentally to determine the
material properties [6].

Theoretical dispersion curves for rectangular beam in
the one-dimensional case can be evaluated by Euler or
Timoshenko beam theory. In the three-dimensional case
solutions exist only for an isotropic beam with specific
aspect ratio [1]. The orthotropic three-dimensional case
with rectangular cross-section was determined in [4,5] by
a semi-analytical finite element method [3].

The dispersion curves can be obtained from mea-
surement. Flexural waves will be excited by a piezoce-
ramic transducers [6]. The waves could either be
detected by a transducer [5] or by a laser-interferometer
[6]. The dispersion curves can be evaluated from the
measurement data by two-dimensional Fourier trans-
formation described in [5] or by matrix pencil method
like [6,12]. We will use the linear prediction method [11].

Knowing the experimental dispersion curves, the
theoretical dispersion curves will be fitted. The material
properties will be evaluated as model parameters of the
fit [8,9].
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2. Theoretical dispersion curves of a wooden bar
2.1. Model of the wood

The structure of wood is built from natural fibers
oriented into the longitudinal axis of the log. The fibers
are arranged in annual rings. Three directions of the
structure with different material properties could be
differentiated: longitudinal, radial and tangential. Wood
can be modelled as a cylindrical orthotropic material
with nine independent material constants. Usually, a log
could not be measured in a laboratory, because it is too
large. On the other hand, wood will be commonly used
as a beam with rectangular cross-section. Cartesian
coordinates can be used for a beam, if the radii of the
annual rings are large compared to the dimensions of
the cross-section and the curvature of the rings can be
neglected. If the annual rings are parallel to the sides a
simple orthotropic model can be used, since the main
directions of the orthotropy are identical with the
directions of the sides of the bar.

2.2. Semi-analytical finite element method

We discretized the beam in the plane of the cross-
section (x—y plane) by two-dimensional finite elements.
The thickness of the elements is one wavelength (Fig. 1).

In the longitudinal direction (z) we applied harmonic
functions (so-called semi-analytical finite element
method). We used the following displacement functions:

u(x,y,z,t) = N(x,y) cos(wt + kz),
v(x,,z,t) = N(x,y) cos(wt + kz), (1)
W(x,y,z, t) = N(x,y> Sin(wt + kZ)7

where u, v and w are the displacements in x-, y- and z-
direction, N(x,y) denotes the biquadratical approxima-
tion function, @ the angular frequency, £ the wave
number and ¢ the time.

y
de

-

dy

Fig. 1. Finite elements in a rectangular wooden beam.

If we formulate the finite element equations (for
example using the Rayleigh—Ritz method or like [4,5])
we get the following matrix equation:

KV — o’Mv = 0, (2)
where the displacements of the nodes are in the vector
V= [...ukvkwk...]T (k=1,...n,3n x 3nis the size of the

matrices K, M). K is the stiffness and M the mass matrix.
The stiffness and mass matrices are functions of the
wave number k. Simplifying Eq. (2) leads to a general
eigenvalue problem for an arbitrary wave number £;:

(K(ki) - sz(ki))V =0. 3)

The eigenvalues of this equation system are the qua-
drates of the eigenfrequencies w; (j =1,...,3n) for the
wave number k;. Solving this eigenvalue problem for
different wave numbers &; results in a dispersion diagram
(Fig. 2). Decomposing the stiffness matrix Eq. (2) can
also be deduced to a quadratic eigenvalue problem for
an arbitrary angular frequency w;:

(szl kK + K — wa')o —0. (4)

The eigenvalues are the wave numbers
ki (j=1,...,6n) for the angular frequency ;. The
solution (see in [10]) for different frequencies w; gives the
complex dispersion diagram (Fig. 3). The real part of
this diagram is identical with the dispersion diagram
resulting from Eq. (3). In our work we will apply the first
formulism of the problem.

3. Measurement of the dispersion curves
To excite waves we glued a piezo transducer to the

end of the bar. We detected the waves in the bar using
the measurement setup in [6] as shown in Fig. 4.

20
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Fig. 2. Dispersion diagram of a rectangular wooden beam.
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Fig. 3. Complex dispersion diagram of a rectangular wooden beam.

The measurement is controlled by a computer. The
function generator creates a voltage signal, which is
amplified and applied to the transducer. The transducer
converts the voltage signal (Fig. 5a) into mechanical
force at the end of the bar and excites flexural waves. We
measured the displacement or the velocity at the surface
of the bar by the laser-interferometer. The detected
signal was filtered and recorded by the oscilloscope. The
computer reads the data from the oscilloscope and
stores it. The measurement is triggered by the function
generator. Each measurement cycle is repeated a few
hundred times and averaged to reduce the noise. A
typical measurement signal and its Fourier transforma-
tion can be seen in (Fig. 5b). We repeated the whole
measurement process in 1500 points along the longitu-
dinal axis of the bar at a distance of 0.5 mm (Fig. 6). We
transformed the measurement signal into the frequency
plane (using FFT). The ordinates build an exponential
function for every frequency. We used the linear pre-
diction method [11] to determine those functions,
respectively their exponents. These exponents are related

f Laser-
interferometer
——HoFv303]

Wooden bar

¢ Pos. system

Fil

Demodulato

Funct. generator
DS345 :

to the wave numbers. We determined the wave numbers
for a few hundred frequency points.

4. Estimation of material parameters

Between the material parameters @ (model parame-
ters for the FEM model) and the measurement data z
(containing the frequency and the wave number) there is
an implicit relationship: the dispersion relation,
f(0®,z) = 0. The measurement is perturbed by an error e.
Thus, we substitute f(®, z,, + e) = 0, where in z,, are the
measured frequencies and wave numbers.

In our case there is no analytical relationship.
Therefore a numerical calculation has to be used, for
example the difference between the measured frequencies
o, (or wave numbers K,,) and the square roots of the
eigenvalues in Eq. (3), ocig (or in Eq. (4), Keip):

f(G)a Z) = On — Weig (5)
or
f(®7 Z) =Kn— Keig~ (6)

To fit the material parameters we used the total least
squares method, where the quadrate of the error has to
be minimized [8,9]:

B=(z, — z)TQlf,l(zm —1z),
subject to  f(®,z) =0,

with Q, as a cofactor matrix. The inverted cofactor
matrix can be interpreted as a weight matrix.

The problem can be solved by the Lagrangian mul-
tipliers method. The Lagrangian function is linearized
and the solution of the linearized problem is thus

© = 0, — [FLF 'Fo] 'FLF'
X [f(207 G)O) + Fz(Zm - ZO)L

(7)

(&)

Oscilloscope
LC 574AM

ter

UNIDEX 511

—

v\L”l“ransducer
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Fig. 4. Measurement setup.
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Fig. 5. (a) Exciting signal and its Fourier transformation and (b) measurement signal and its Fourier transformation.

[/ e-— Fo Exciig]

Fig. 6. Measurement and evaluation of the measurement.

Z =1 — QF'F'[f(20,0,) + Fo(® — @)
+ F(2zm — 20)], 9)

where F = FZQ,,FZT and Fe, F; are the Jacobians. @, and
zo are the initial values. The computed values (@, z) are
only the first approximation of the solution. For the
iteration the values of (@y,z)) have to be set equal to
(0,7) and Egs. (8) and (9) have to be computed again.
The iteration process is continued until a smallness cri-
teria is satisfied.

After the initial fit the data points can be classified
into inlier and outlier. For the point j of the initial
model we used a statistical test as shown in [8]:

QLY
pog
where & is the actual residual vector of the point j, Q/,
the jth hyper element on the diagonal of the cofactor
matrix, 65 the standard deviation and p the number of
dimensions of the problem. A point j is rejected on a
confidence level « if 77 > F,, with F, being the «-quantile
of the Fischer distribution.
To collect new points we used a similar test:

T/ (10)

oy ok
ot QL @

oo 11
Po; (1

where o' = —f (@), z) and Q’;w is the kth hyper element
on the diagonal of the cofactor matrix [§].

T =

5. Results

In our experiment we excited and measured flexural
waves in the wooden bar with a cross-section of 20x 25
mm and density of 715 kg/m?. The species of the tree
was Acacia Robinia.

In this measurement (Fig. 7) we could identify the
first longitudinal mode, the first bending modes (both, in
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Fig. 7. Measured and calculated dispersion curves.

x—z and y—z plane), a further transversal wave mode and
two higher longitudinal wave modes.

The material properties have an influence on the
dispersion curves. The different wave modes are di-
versely influenced by the nine material parameters.

e [ first longitudinal wave mode, influenced by Cy;
and C33.

e Bj,: the first bending mode in the x—z plane, C33 and
Css influence this curve. However the influence of Cs;3
is too small to fit exactly.

e By, the first bending mode in the y— plane, C33 and
Ces influence this curve, in this case the influence of
Cy3 also too small to fit exactly.

e (y: a transversal mode, it could not be classified as a
classical bending or longitudinal wave mode. It is
influenced by Cyg.

We determined the material properties of this wood
using the method described in Section 4. We calculated
the dispersion diagram with these material parameters in
Fig. 7 (only the four wave modes which were used to fit
can be seen there). With the method described above we
determined five material properties in the main diagonal
of the material stiffness matrix. The three non-diagonal
elements (C)z, Ci3, Ca3) of the material stiffness matrix
and C;; have a negligible influence on the measured
wave modes in this frequency range, and they could not
be exactly determined.

The determined material properties are

Cy = 1505 N/mm?, Cs3 = 15073 N/mm?,
Cyy = 480 N/mm?, Css = 1350 N/mm?,
Ces = 1410 N/mm?.

6. Conclusion

We determined the dispersion curves of an ortho-
tropic beam with rectangular cross-section using the
semi-analytical finite element method. Wood was mod-
elled as an orthotropic material. We calculated the real
and the complex dispersion curves of a wooden beam by
the semi-analytical finite element method.

We also measured the dispersion curves experimen-
tally in the deep frequency range (<100 kHz). Flexural
waves were excited in a wooden bar. The waves were
detected and the dispersion curves were evaluated by the
linear prediction method. The agreement between the
measured and the calculated dispersion curves was good
(Fig. 7). We used the semi-analytical finite element
model and by parametric model fitting five material
constants out of the nine of a wood were determined.
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